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Abstract: We study 'constraincd gencralized Killing spinors', which characterize supersym- 
m^ric flux compactifications of supergravity théories. Using géométrie algebra techniques, we 
gi<bè conceptually clear and computationally effective methods for translating supersymmetry 
coSkitions into differential and algebraic constraints on collections of differential forms. In 
p^Eficular, we give a synthetic description of Fierz identifies, which are an important ingredi- 
er^of such problems. As an application, we show how our approach can be used to efficiently 
rçgpver results pertaining to N = 1 compactifications of M-theory on eight-manifolds. 
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1. Introduction 



A fondamental problem in the study of flux compactifîcations of M- and string theory is to 
give efficient géométrie descriptions of supersymmetric backgrounds in the présence of fluxes. 
This leads, in particular cases, to beautiful connections [1,2] with the theory of G-structures, 
while in more gênerai situations it translates to difficult mathematical problems involving 
novel géométrie realizations of supersymmetry algebras (see [3-6] for some examples). 

When approaching this subject, one may be struck by the somewhat ad- hoc nature of 
the methods usually employed, which signais a lack of unity in the current understanding of 
the subject. This is largely due to the intrinsic difficulty in finding unifying principles while 
keeping computational complexity under control. In particular, one confronts the lack of 
gênerai and structurally clear descriptions of Fierz identities, the fact that phenomena and 
methods which are sometimes assumed to be 'generic' turn out, upon closer inspection, to bc 
relevant only under simplifying assumptions and the insufficient mathematical development 
of the subject of 'spin geometry [7] in the présence of fluxes'. 

The purpose of this paper is to draw attention to the fact that many of the issues 
mentioned above can be resolved using ideas inspired by a certain incarnation of the theory of 
Clifford bundles known as 'géométrie algebra', which goes back to [8] and [9] (see also [10] and 
[11-13] for an introduction) — an approach which provides a powerful language and efficient 
techniques, thus affording a more unified and systematic description of flux compactifications 
and of supergravity and string compactifications in gênerai. In particular, we show that the 
géométrie analysis of supersymmetry conditions for flux backgrounds (including the algebra of 
those Fierz identities relevant for the analysis) can be formulated efficiently in this language, 
thereby uncovering structure whose implications have remained largely unexplored. 

Though the scope of applications of our approach is much wider, we shall focus here on 
the study of what we call 'constrained generalized Killing (CGK) spinor équations', which 
distill the mathematical description of supersymmetry conditions for flux backgrounds. A 
constrained generalized Killing spinor is simply a spinor satisfying conditions of the type 
D m C — QiÇ — ■ ■ ■ — Q\£ = 0; where D m = V m + A m is some connection on a bundle 
S of spinors (which generally differs from the connection induced on S by the Levi- 
Civita connection V m of the underlying pseudo-Riemannian manifold) while Qj are some 
globally-defined endomorphisms of S. Such équations are abundant in flux compactifications 
of supergravity (see, for example, [14, 15]), where £ is the internai part of a supersymme- 
try generator while the équations themselves are the conditions that the compactification 
préserves the supersymmetry generated by £. The quantities A m and Qj are then certain 
algebraic combinations of gamma matrices with coefficients dépendent on the metric and 
fluxes. An example with a single algebraic constraint = (arising in a compactification 
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of eleven-dimensional supergravity) is discussed in Section 6, which the reader can consult 
first as an illustration motivating the formai developments taken up in the rest of the paper. 

Using géométrie algebra techniques, we show how such supersymmetry conditions can 
be translated efficiently and briefly into a System of differential and algebraic constraints for 
a collection of inhomogeneous differential forms expressed as spinor bilinears, thus displaying 
the underlying structure in a form which is conceptually clear as well as highly amenable to 
computation. The conditions which we obtain on differential forms provide a generalization 
of the well-known theory of Killing forms, which could be studied in more depth through 
methods of Kàhler-Cartan theory [16] — even though we will not pursue that avenue in the 
présent work. We also touch on our implementation of this approach using various symbolic 
computation Systems. 

As an example, Section 6 applies such techniques to the study of flux compactifications of 
M-theory on eight-manifolds preserving N = 1 supersymmetry in 3 dimensions — a class of 
solutions which was analyzed through direct methods in [3] and [4]. In that setting, we have 
a single algebraic condition QÇ = 0, with Q = |7 m <9 m A — ^F mpqr r y rnpqr — \f p r ) p l^ ~ 
and A m = \f p 'y m p l^ + ^F mpqr ^ pqr + K^ m ^ 9 \ We show how our methods can be used to 
recover the results of [3] in a synthetic and computationally efficient manner. We express 
such équations in terms of certain combinations of iterated contractions and wedge products 
which are known as 'generalized products' and whose conceptual rôle and origin is explained 
in Section 3. The reader can, at this point, pause to take a look at Subsection 6.2, which 
should provide an illustration of the techniques developed in this paper. 

The paper is organized as follows. In Section 2, we define and discuss constrained gen- 
eralized Killing spinors. In Section 3, we recall the géométrie algebra description of Clifford 
bundles as Kàhler-Atiyah bundles while in Section 4 we explain how spinor bundles are 
described in this approach. Using our realization of spin geometry, Section 5 présents a 
synthetic formulation of Fierz rearrangement identifies for spinor bilinears, which encodes 
identifies involving four spinors through certain quadratic relations holding in (a certain sub- 
algebra of) the Kàhler-Atiyah algebra of the underlying manifold. We also re-formulate the 
constrained generalized Killing spinor équations in this language and discuss some aspects 
of the differential and algebraic structure which results from this analysis, thereby extending 
the well-known theory of Killing forms. In Section 6, we apply this formalism to the study of 
the N=l compactifications of M-theory on eight-manifolds. We conclude in Section 7 with 
a few remarks on further directions. The Appendices summarize various technical détails 
and make contact with previous work. The physics-oriented reader can start with Section 6, 
before delving into the technical and theoretical détails of the other sections. 

Notations. We let K dénote one of the fields M or C of real or complex numbers. We 
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work in the smooth differential category, so ail manifolds, vector bundles, maps, morphisms 
of bundles, differential forms etc. are taken to be smooth. We further assume that our 
connected and smooth manifolds M are paracompact, so that we have partitions of unity 
subordinate to any open cover. If V is a K-vector bundle over M, we let T(M, V) dénote the 
space of smooth (C°°) sections of V. We also let End(V) = Hom(V, V) = V (g) V* dénote the 
K-vector bundle of endomorphisms of V, where V* = Hom(V, Ok) is the dual vector bundle 
to V while dénotes the trivial K-line bundle on M. The unital ring of smooth K-valued 
functions defined on M is denoted by C°°(M, K) = F(M,0^). The tensor product of K- 
vector spaces and IK-vector bundles is denoted by ®, while the tensor product of modules over 
C°°(M, K) is denoted by ®c-(m,k); hence F(M, V^V^ = F(M, l / i)®c-(M,K)r(M, V 2 ). Setting 
T K M d = TM ® O k and T^M d = T*M ® O k , the space of K-valued smooth inhomogeneous 
globally-defined differential forms on M is denoted by Q K (M) d = F(M, AT^M) and is a 
Z-graded module over the commutative ring C°°(M, K). The fixed rank components of this 
graded module are denoted by fl^(M) = F(M, A k T^M) (k — 0...d, where d is the dimension 
of M). 

The kernel and image of any K-linear map T : F(M, V\) — > F(M, V2) will be denoted 
by JC(T) and X(T); thèse are K-linear subspaces of F(M,Vi) and F(M, V2), respectively. 
In the particular case when T is a C°°(M, K)-linear map (i.e. when it is a morphism of 
C°°(M,K)-modules), the subspaces K(T) and X(T) are C°°(M, K)-submodules of F(M, V\) 
and T(M, V2), respectively — even in those cases when T is not induced by any bundle 
morphism from V 1 to V 2 . We always dénote a morphism / : V\ — > V 2 of K- vector bundles 
and the C°°(M, K)-linear map F(M,V 1 ) ->■ F(M,V 2 ) induced by it between the modules 
of sections by the same symbol. Because of this convention, we clarify that the notations 
/C(/) C r(M, Vi) an d X(/) C T(M, V 2 ) dénote the kernel and the image of the corresponding 
map on sections F(M,Vi) — > F(M,V 2 ), which in this case are C°° (M, K)-submodules of 
T(M, V\) and F(M, V 2 ), respectively. In gênerai, there does not exist any sub-bundle ker / of 
V\ such that IC(f) = F(M, ker /) nor any sub-bundle imf of V 2 such that X(/) = F(M, im/) 
- though there exist sheaves ker / and imf with the corresponding properties. 

Given a pseudo-Riemannian metric g on M of signature (p,q), we let (e a ) a =i...d (where 
d = dim M) dénote a local frame of TM, defined on some open subset U of M. We let e a 
be the dual local coframe (= local frame of T*M), which satisfies e a (e b ) = ô£ and g(e a , e b ) = 
g ab , where (g ab ) is the inverse of the matrix (g a b)- The contragradient frame (e a ) # and 
contragradient coframe (e a )# are given by: 

(e a )# = g ab e b , (e a )# = g ab e b , 

where the # subscript and superscript dénote the (mutually inverse) musical isomorphisms 



5 



between T^M and T^M given respectively by lowering and raising indices with the metric 

dcf def 

g. We set e ai - ak = e ai A . . . A e ak and e 01 ... 0fc —' e ai A . . . A e ak for any k = . . .d. A gênerai 
IK-valued inhomogeneous form w G î1k(-^0 expands as: 



fc=0 fc=0 

where the symbol =^ means that the equality holds only after restriction of ou to U and 
where we used the expansion: 



" {k) =U -Mala k e ai - ak ■ (1-2) 



1 
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The locally-defined smooth functions uj^... ak G C°°(U, K) (the 'strict coefficient fonctions' of 
w) are completely antisymmetric in a\ . . . a&. Given a pinor bundle on M with underlying 
fiberwise représentation 7 of the Clifford bundle of T£M, the corresponding gamma 'matrices' 
in the coframe e a are denoted by 7" d =' 7(e a ), while the gamma matrices in the contragradient 
coframe (e )# are denoted by 7 a d =' 7((e a )#) = <? a &7 6 . We will occasionally assume that the 
frame (e a ) is pseudo-orthonormal in the sensé that e a satisfy: 

g(e a ,e b ) (= # a6 ) = T] ab , 

where (r] ab ) is a diagonal matrix with p diagonal entries equal to +1 and q diagonal entries 
equal to — 1. 



2. Constrained generalized Killing (s)pinors 

The basic set-up. Let (M, g) be a pseudo-Riemannian manifold (assumed to be smooth 
and paracompact) of dimension d = p + q, where p and q are, respectively, the numbers of 
positive and négative eigenvalues of g. We endow the cotangent bundle T*M with the metric 

dcf 

g induced by g. Setting K = 1 or C, we similarly endow the bundle T^M =' T*M <g> 
with the metric g^ induced by extension of scalars. Of course, we have T^M = T*M and 
g R = g. Let C1(7£M) = C\(T*M) <g> C K be the Clifford bundle defined by T^M — when the 
latter is endowed with the metric given above. The fiber of Cl(T^M) at a point 1 e Mis the 
Clifford algebra C\(T^ X M) = C\(T*M) %1K of the quadratic vector space (T£ , çk >x ), where 

dcf 

=' T*M ® R K and ^ K ,x dénotes the K-valued bilinear pairing induced by g x . The even 
Clifford bundle Cl ev (T£M) over K is the sub-bundle of algebras of C1(T|M) whose fibers are 
the even subalgebras C\ ev (T^ x M) C Cl(T£ M). Our point of view on (s)pinor bundles is 
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that taken in [17]. Namely, we define a bundle of WL-pinors over M to be a K-vector bundle S 
over M which is a bundle of modules over the Clifford bundle Cl(T^M). Similarly, a bundle 
of K-spinors is a bundle of modules over the even Clifford bundle Cl cv (T^M). Of course, a 
bundle of K-pinors is automatically a bundle of K-spinors. Hence any pinor is naturally a 
spinor but the converse need not hold. In this paper, we focus on the case of pinors. A pinor 
bundle S will be called a pin bundle if the underlying fiberwise représentation of Cl(T^M) 
is irreducible, i.e. if each of the fibers of S* is a simple module over the corresponding fiber 
of the Clifford bundle. Similarly, a spin bundle is a spinor bundle for which the underlying 
fiberwise représentation of Cl ev (T£M) is irreducible. 

Remark. Physics terminology is often imprécise with the distinction between spinors and 
pinors which we are making here and throughout this paper. Physically, one typically assumes 
that (M, g) is both oriented and time-oriented and one is concerned with objects transforming 
in représentations of the orthochronous part Spin^(p, q) of the spin group SpinQo, q) and thus 
in vector bundles associated with a principal bundle with fiber Spin^p, q) which is a double 
cover of the principal SO^(p, g)-bundle consisting of those pseudo-orthonormal frames of 
(M, g) which are both oriented and time-oriented. Due to the issue of time-orientability, what 
matters in most physics applications is not a spin structure in the standard mathematical 
sensé (see [18] for a récent discussion with applications to string theory) but rather a 'time- 
oriented' spin structure. 

Constrained generalized Killing (s) pinors. Let us fix a K-pinor or K-spinor bundle 
S over M, a linear connection D on S and a finite collection of bundle endomorphisms 
Q u ...,Q x e r(M,End(S)). 

Définition. A constrained generalized Killing (CGK) (s)pinor over M is a section £ G 
T(M,S) which satisfies the constrained generalized Killing (s)pinor équations = Qi£ = 
. . . = Q X Ç = 0. We say that DÇ = is the D-flatness or generalized Killing (GK) (s)pinor 
équation satisfied by £ while Qi£ = . . . = Q x £, = are the algebraic constraints (or Q- 
constraints) satisfied by £. 

When the algebraic constraints are trivial (x = or, equivalently, when ail Qj vanish), one 
deals with the generalized Killing (GK) spinor équation DÇ, = 0. Since D can be written as 
the sum V + A of the spinorial connection V induced on S by the Levi-Civita connection of 
(M, g) and an End(S')-valued one-form A on M, the GK (s)pinor équations can be viewed as a 
déformation of the parallel (s )pinor équation V 5 £ = 0, the déformation being parameterized 
by A. Our terminology is inspired by the fact that the choice A m = —\^ m (with À a real 
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parameter and 7 m G T(M, End(S')) the gamma 'matrices' in some local coframe of (M, g)) 
leads to the ordinary Killing (s)pinor équations V m £ = X'JmC 

Connection to supergravity and string théories. Constrained generalized Killing 
(s)pinors arise naturally in supergravity and string theory. In particular, they arise in super- 
symmetric flux compactifications of string theory, M-theory and various supergravity théo- 
ries. In such setups, £ is a (s)pinor of spin 1/2 defined on the background pseudo-Riemannian 
manifold and corresponds to the generator of supersymmetry transformations of the under- 
lying supergravity action (or string theory effective action) while the constrained generalized 
Killing (s)pinor équations are the conditions that the supersymmetry generated by £ is pre- 
served by the background. The connection D on S and the endomorphisms Qj are fixed by the 
précise data of the background, i.e. by the metric and fluxes defining that background. For 
example, the supersymmetry équations of eleven-dimensional supergravity involve the super- 
covariant connection D, which acts on sections of the bundle S of Majorana spinors (a.k.a. 
real pinors) defined in eleven dimensions — this corresponds to the differential constraint 
DÇ = 0, without any algebraic constraint. When considering a compactification of eleven- 
dimensional supergravity down to a lower-dimensional space admitting Killing (s)pinors, the 
internai part (which now plays the rôle of £) of the generator of the supersymmetry varia- 
tion is a section of some bundle of (s)pinors (which now plays the rôle of S) defined over 
the internai space, while the condition of preserving the supersymmetry generated by the 
tensor product of this internai generator and some Killing (s)pinor of the non-compact part 
of the background induces a differential (generalized Killing) constraint as well as an alge- 
braic constraint for the internai part of the supersymmetry generator. A spécifie example 
arising from eleven-dimensional supergravity is discussed in Section 6 below. Similarly, the 
supersymmetry équations for IIA supergravity in ten dimensions (with Minkowski signature) 
can be written in terms of a supercovariant connection D defined on the real vector bundle 
S of Majorana spinors (a.k.a. real pinors) in ten dimensions and an endomorphism Q of S; 
we have S = S + © S~ where S ,± are the bundles of Majorana-Weyl spinors of positive and 
négative chirality. The condition DÇ = for the supersymmetry generator (a section £ of S, 
with positive and négative chirality components £± — which are sections of S^ 1 — such that 
£ = £+ + £-) is the requirement that the supersymmetry variation of the gravitino vanishes, 
while the condition = encodes vanishing of the supersymmetry variation of the dilatino. 
When considering compactifications on some internai space down to some space admitting 
Killing (s)pinors, £ is replaced by its internai part (a section of some (s)pinor bundle - 
which now plays the rôle of S — defined on the compactification space) while D induces a 
connection defined on this internai (s)pinor bundle as well as a further algebraic constraint - 
thereby leading once again to a System of équations of constrained generalized Killing type, 
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which is now defined on the internai space. Finally, the supersymmetry équations for type 
IIB supergravity in ten dimensions (with Minkowski signature) can be formulated 1 (see, for 
example, [15]) in terms of sections of the real vector bundle S = S + © S + of Majorana-Weyl 
spinor doublets, with a supercovariant connection D defined on this bundle as well as two 
endomorphisms Qi,Q2 of S. The condition /}£ = for sections £ of S is the requirement 
that the supersymmetry variation of the gravitino vanishes in the background, while the con- 
ditions QiÇ = Q2Ç, = are, respectively, the requirements that the supersymmetry variations 
of the axionino and dilatino vanish. When considering a compactification down from ten di- 
mensions, the constraints Qi£ = Q2Ç = descend to similar constraints for the internai part 
of £, while the constraint _D£ = induces both a differential and an algebraic constraint for 
the internai part — hence the compactification procédure produces a differential constraint 
while increasing the number of algebraic constraints, the resulting équations being again of 
constrained generalized Killing type, but formulated for sections of some bundle of (s)pinors 
defined over the internai space of the compactification. 

Some mathematical observations. Let us for simplicity consider the case of a single 
algebraic constraint (QÇ = 0). Let K(Q) dénote the C°°(M, K)-submodule of smooth solu- 
tions to QÇ = and K.{D) dénote the K-vector subspace of smooth solutions to DÇ = 0. 
Then the K- vector subspace JC(D,Q) of smooth solutions to the CGK équations equals the 
intersection K,{D) (1)C(Q). In gênerai, the dimension of the subspace ker(Q x ) C S x of the 
fiber of S at a point x may jump as x moves on M, so Q does not admit a sub-bundle of S 
as its kernel (in fact, this is one reason why smooth vector bundles do not form an Abelian 
category) — even though it does admit a kernel in the category of sheaves over the ringed 
space associated with M. On the other hand, a simple argument 2 using parallel transport 
shows that any linearly-independent (over K) collection of smooth solutions £1, . . . , £ s of the 
generalized Killing (s)pinor équation must be linearly independent everywhere, i.e. the vec- 
tors £i(x), . . . , £ s (x) must be linearly-independent in the fiber S x for any point x of M. In 
particular, there exists a K-vector sub-bundle Sd of S such that rk^Sn = dim^JC^D) and 
such that T(M, Sd) = ^C(-D) ©k C°°(M, K); in fact, any basis of the space of solutions JC(D) 
of the generalized Killing (s)pinor équations provides a global frame for Sd (which, there- 
fore, must be a trivial vector bundle). Since the restriction of D to Sd is fiât, the bundle 

1 They can, of course, also be formulated using complex Weyl spinors. 

2 Indccd, the values of £1, . . . ,£ s at two points x,y of M are related through the parallel transport of D 
along some curve Connecting x and y in M. Since the parallel transport gives a linear isomorphism between 
the fibers S x and S y of S, it follows that any linear dependence relation between £i(x), . . . , £ s (x) also holds 
— with the same coefficients — between £i(j/), • ■ • , £s(î/)- Since x and y are arbitrary, this would give a linear 
dependence relation over K (i.e. with constant coefficients) between the globally-defmed sections £1, ... , £ s , 
which contradicts our assumptions. 



9 



Su is sometimes referred to as 'the D-Hai vector sub-bundle of S\ The condition that the 
generalized Killing (s)pinor équations admit exactly s linearly independent solutions over K 
(i.e., the condition dim^JC^D) = s) amounts to the requirement that Sd has rank s — in 
particular, this imposes well-known topological constraints on S. A similar argument shows 
that there exists a (topologically trivial) K-vector sub-bundle Sd,q C Sd C S such that 
ik K S D ,Q = dim K lC(D,Q) and such that F(M,S d ,q) = K,{D,Q) ® K C°°(M,K). 

As mentioned in the introduction, a basic problem in the analysis of flux compactifications 
(which is also of mathematical interest in its own right) is to find efficient methods for 
translating constrained generalized Killing (s)pinor équations for some collection £1, . . . , £ s of 
sections of S into a System of algebraic and differential conditions for differential forms which 
are constructed as bilinears in £1, . . . , £ s . In Section 5, we show how the géométrie algebra 
formalism can be used to provide an efficient and conceptually clear solution to this problem. 
Before doing so, however, we have to recall the basics of the géométrie algebra approach to 
spin geometry, which we proceed to do next. 

3. The Kâhler-Atiyah bundle of a pseudo-Riemannian manifold 

This section lays out the basics of the géométrie algebra formalism and develops some spe- 
cialized aspects which will be needed later on. In Subsections 3.1 and 3.2, we start with the 
Clifford bundle of the cotangent bundle of a pseudo-Riemannian manifold (M, g), viewed as 
a bundle of unital and associative — but non-commutative — algebras which is naturally 
associated to (M, g). The basic idea of 'géométrie algebra' is to use a certain isomorphic 
realization of the Clifford bundle in which the underlying vector bundle is identified with the 
exterior bundle of M. In this realization, the multiplication of the Clifford bundle transports 
to a fiberwise multiplication of the exterior bundle; when endowed with this associative but 
non-commutative multiplication, the exterior bundle becomes a bundle of associative alge- 
bras known as the Kàhler-Atiyah bundle. In turn, the non-commutative multiplication of the 
Kàhler-Atiyah bundle induces an associative but non-commutative multiplication (which we 
dénote by o and call the géométrie product) on inhomogeneous differential forms. The result- 
ing associative algebra is known as the Kàhler-Atiyah algebra of (M, g) and can be viewed 
as a certain déformation of the exterior algebra which is parameterized by the metric g of 
M. The Kàhler-Atiyah algebra is an associative and unital algebra over the commutative 
and unital ring C°° (M, K) of smooth K-valued functions defined on M — so in particular 
it is a K- algebra upon considering the embedding K C C°°(M, K) which is defined by asso- 
ciating to each élément of K the corresponding constant function. The géométrie product 
has an expansion in terms of the so-called 'generalized products ', which form a collection of 
binary opérations acting on inhomogeneous forms. In turn, the generalized products can be 
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described as certain combinations of contractions and wedge products. The expansion of the 
géométrie product into generalized products can be interpreted (under certain global condi- 
tions on (M, g)) as a form of 'partial quantization' of a spin system — the rôle of the Planck 
constant being played by the inverse of the overall scale of the metric. In this interprétation, 
the Kàhler-Atiyah algebra is the quantum algebra of observables while the géométrie product 
is the non-commutative composition of quantum observables; the classical limit corresponds 
to taking the scale of the metric to infinity while the expansion of the géométrie product 
into generalized products can be viewed as a semiclassical expansion. In the classical limit, 
the géométrie product reduces to the wedge product and the Kàhler-Atiyah algebra reduces 
to the exterior algebra of M, which plays the rôle of the classical algebra of observables. 
Subsection 3.3 discusses certain (anti-)automorphisms of the Kàhler-Atiyah algebra which 
will be used intensively later on while subsection 3.4 gives some properties of the left and 
right multiplication operators in this algebra. In Subsection 3.5, we give a brief discussion 
of the décomposition of an inhomogeneous form into parts parallel and perpendicular to a 
normalized one-form and of the interplay of this décomposition with the géométrie product. 
Subsection 3.6 explains the rôle played by the volume form and introduces the 'twisted Hodge 
operator', a certain variant of the ordinary Hodge operator which is natural from the point of 
view of the Kàhler-Atiyah algebra. Subsection 3.7 discusses the eigenvectors of the twisted 
Hodge operator, which we call 'twisted (anti-)selfdual forms' — thèse will play a crucial rôle 
in later considérations. In Subsection 3.8, we recall the algebraic classification of the fiber 
type of the Clifford/Kàhler-Atiyah bundle, which is an obvious application of the well-known 
classification of Clifford algebras. We pay particular attention to the 'non-simple case' - 
the case when the fibers of the Kàhler-Atiyah bundle fail to be simple as associative alge- 
bras over the base field. In Subsection 3.9, we discuss the spaces of twisted (anti-)selfdual 
forms in the non-simple case, showing that — in this case — they form two-sided ideals 
of the Kàhler-Atiyah algebra. We also give a description of such forms in terms of rank 
truncations, which is convenient in certain computations even though it is not well-behaved 
with respect to the géométrie product. In Subsection 3.10, we show that, in the présence 
of a globally-defined one-form 9 of unit norm, the spaces of twisted selfdual and twisted 
anti-self dual forms are isomorphic (as unital associative algebras !) with the space of those 
inhomogeneous forms which are orthogonal to 9 — a space which always forms a subalge- 
bra of the Kàhler-Atiyah algebra. We also show that the components of an inhomogeneous 
form which are orthogonal and parallel to 9 détermine each other when the form is twisted 
(anti-)selfdual and give explicit formulas for the relation between thèse components in terms 
of what we call the 'reduced twisted Hodge operator'. Some of the material of this section 
is 'well-known' at least in certain circles, though the literature tends to be limited in its 



11 



treatment of gênerai dimensions and signatures and of certain other aspects. The reader 
who is familiar with géométrie algebra may wish to concentrate on Subsections 3.5, 3.6, 3.7, 
3.9 and 3.10 and especially on our treatment of parallelism and orthogonality for twisted 
(anti-)selfdual forms, which are important for our later considérations. 

3.1 Préparations: wedge and generalized contraction operators 

The grading automorphism. Let 7r be that involutive C°°(M, K)-linear automorphism 
of the exterior algebra (ÎIk(M), A) which is uniquely determined by the property that it acts 
as minus the identity on ail one-forms. Thus: 

d d 

n(u) à =^(-l) k uj {k) , Vw = ^w (fe) eVl K {M) , where u {k) G fi£(M) . (3.1) 

k=0 k=0 

Taking wedge product from the left and from the right with some inhomogeneous form 
u e Qk{M) defines C°°(M, K)-linear operators and A^: 

A^(r ] ) = ujAr ] , Af(î|)=t|Aw , Vw,r ? efi K (M) (3.2) 

which satisfy the following identifies by virtue of the fact that the wedge product is associa- 
tive: 

A^oA^ = A^ AW2 , AjoA*=A* 2/Wl , A^oA* =a£oa£ 1 , V Wl ,o) 2 eO K (M) (3.3) 

as well as the following relation, which encodes graded-commutativity of the wedge product: 
A L = A R 07T k^ A R = A L on k VwGn *( M ) . (3.4) 

The inner product. Let ( , ) dénote the non-degenerate bilinear pairing (known as the 
inner product of inhomogeneous forms) induced by the metric g on the exterior bundle. To 
be précise, this pairing is defined through: 

(«i A . . . A /3i A . . . A A) = hi det(^(û! i , /0j)ij=i...k) , Va i5 (3j G ^r(M) , 

a relation which fixes the convention used later in our computations (cf. Section 6) via the 
normalization property: 

(1m, 1m) = 1 • 

Here, g is the metric induced by g on T^M, which gives the following pairing on one-forms 

a = a a e a } f3 = f3 b e b enl(M): 

g(a, (3) = g ab a a (3 b for a = a a e a and (3 = (3 b e b . (3.5) 
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The fixed rank components of Q^(M) are mutually orthogonal with respect to the pairing 

( , >: 

(u,r,) = , Wuen k K (M) , \/ v eQ l K (M) , Vfc^Z , 

so the rank décomposition f2 K (M) = ®i =0 iï^{M) i s an orthogonal direct sum décomposition 
with respect to this pairing. Notice that the restriction of ( , ) to îl^(M) coincides with 
(3.5). Also notice that n is self-adjoint with respect to the pairing ( , ): 

(■k(u)),7)) = (uj,ir(r))) , Vw,7?Gfk(M) . 

Interior products. The ( , )-adjoints of the left and right wedge product operators (3.2) 
are denoted by and and are called the right and left generalized contraction (or interior 
product) operators, respectively: 

(rttn),p) = {ri,fi(p)) , (^(v),p) = (v,£(p)) , ^, v ,pen K (M) . (3.6) 

Properties (3.3) translate into: 

i°i = iA W2 , &°& = &n* 1 , ^°i = i°i , Vwi,a; 2 efiK(M) , (3.7) 
while relation (3.4) is équivalent with: 

£ = n k otf<=^tf = n k o£ , Vwe^(M) . (3.8) 

We also have = idn K (M) and 1^ = idn K (M)- Together with (3.3) and (3.7), this shows 
that A L and A 72 define a structure of (ÇIk(M), A)-bimodule on fi K (M) while i L and t R define 
another (Q^(M), A)-bimodule structure on the same space. Thèse two bimodule structures 
are adjoint to each other with respect to the pairing ( , ). 

Identities (3.4) and (3.8) show that A^ and A^ détermine each other while and 
also détermine each other. Because of this, we from now on choose to work with the left 
wedge-multiplication and left generalized contraction (= left interior product) operators: 

which satisfy: 

A Wl o A W2 = A WlAW2 , i Ul o l U2 = i WlAW2 , Vwi,w 2 £ Œ K (M) (3.9) 

as well as: 

A 1m = = id Q K (M) 

and thus define two différent structures of left module on the space Q^(M) over the ring 
(fi K (M),A). 
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Wedge and interior product with a one-form. For later référence, let us consider the 
case when 9 G Q^(M) is a one-form. Recall that the metric g induces mutually-inverse 
'musical isomorphisms' # : V(.\l.'l\ M) Ù^(M) and # : fi^(M) ->■ r(M,T K M) defined 
by raising and lowering of indices, respectively: 

X = X a e a =}► X # = X a e a where X a d = g ab X b , 
= Q a e a ^9* = 9 a e a where # a =' g ab 9 b . 

Thèse isomorphisms satisfy: 

g(X,Y) = g(X # ,Y # ) = {X # ,Y # ) , \/X,Y e T(M,T K M) , 
9(0f,9f)=g(9 1 ,9 2 ) = (9 1 ,9 2 ) , V^^G^M) . 

We have: 

X # = Xjg , = 0#j<? , 

where Ij dénotes the ordinary left contraction of a tensor with a vector field. It is not hard 
to see that the left contraction l q with a one-form coincides with the ordinary left contraction 
6* # j with the vector field 9*: 

l u = 9*juj , WGfiîc(M) , Vw G n K (M) . 

Since 9 A 9 = 0, properties (3.9) imply 3 

A e o A e = Lq o t e = . (3.10) 

Furthermore, the similar property of 9* j implies that t# is an odd dérivation of the exterior 
algebra: 

i e (uj Ar)) = (i e uj) Ar) + ir(uj) Aior) , Vu;, G fi K (M) . (3.11) 

Local expressions. If e a is an arbitrary local frame of M with dual coframe e a (thus 
e a (e b ) = ô%), we let g ab = g(e a ,e b ) and g ab = g(e a ,e b ), so we have g ab g bc = ô%. The vector 
fields (e a ) # satisfy (e a ) # _ig = e a and are given explicitly by: 

(e a )* = g ab e b ; 

they form the contragradient local frame defined by (e„). We have e a = 5W>(e 6 )* and 
g((e a )*, (e b )*) = g ab . Thus: 

t ea = (e a )*^ = g ab e b j^e a ^ = g ab i eb . (3.12) 
3 In gênerai, we have i u o i w = A u o A w = for any w G fij^ dd (M). 
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3.2 Définition and first properties of the Kâhler-Atiyah algebra 

The géométrie product. Following an idea originally due to Chevalley and Riesz [8,9], 
we identify ( '1(7''. .1/ ) with the exterior bundle AT^M, thus realizing the Clifford product as 
the géométrie product, which is the unique fiberwise associative, unital and bilinear binary 
composition 4 o : AT^M x M AT^M — > AT^M whose induced action on sections (which we 
again dénote by o) satisfies the following relations for ail 9 G îl^(M) and ail ou G Î1 K (M): 

9 o uj = 9 A ou + iquj , 7r(w) o 9 = 9 A ou — lqui . (3.13) 

Equations (3.13) détermine the géométrie composition of any two inhomogeneous forms via 
the requirement that the géométrie product is associative and C°° (M, K)-bilinear. 

The unit of the fiber Cl(T^ x M) at a point a; G M corresponds to the élément 1 G ŒC = 
A°T^ X M, which is the unit of the associative algebra (AT^ X M, o x ) « C\(T^ X M). Hence 
the unit section of the Clifford bundle Cl(T^M) is identified with the constant function 
1 M '■ M — > K given by 1m(x) = 1 for ail x G M. Through this construction, the Clif- 
ford bundle is identified with the bundle of algebras (AT^M, o), which is known [10] as 
the Kàhler-Atiyah bundle of {M, g). When endowed with the géométrie product, the space 
fl^(M) of ail inhomogeneous K-valued smooth forms on M becomes a unital and associative 
(but non-commutative) algebra (Q^(M),o) over the ring C°°(M, K), known as the Kahler- 
Atiyah algebra of {M, g). The unit of the Kàhler-Atiyah algebra is the constant function 1m- 
We have a unital isomorphism of associative algebras over C°°(M, K) between (Q^(M),o) 
and the C°°(M, K)-algebra F {M, C1(T*M)) of ail smooth sections of the Clifford bundle. The 
Kàhler-Atiyah algebra can be viewed as a Z 2 -graded associative algebra with even and odd 
parts given by: 

n%(M) d = ® k=even n k K (M) , n° ¥ M (M) d â- ® k=odd n k K (M) , 

since it is easy to check the inclusions: 

n^(M)o^(M)cn^(M) , n° K dd (M)on° K dd (M) c^ v (m) , 
n™(M)on o K dd (M)cn o K dd (M) , œ K dd (M)on™(M) c n° K dd (M) . 

However, it is not a Z-graded algebra since the géométrie product of two forms of definite 
rank need not be a form of definite rank. We let P cv — |(1 + ir) and P odd = |(1 — ir) be the 
complementary idempotents associated with the décomposition into even and odd parts: 

P cv (cj) = oj cv , P dd(w) = w odd , (3.14) 

where ou = u cv + u odd G ^k(M), with u cv G fÇ(M) and u odd G f^ dd (M). 

4 Of course, we can view o as a section of the vector bundle Kom(AT^M ® AT^M, AT^M). 
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Generalized products. Connection with quantization of spin Systems. The gé- 
ométrie product o can be viewed as a déformation of the wedge product (parameterized 
by the metric g) and reduces to the latter in the limit g — > oo; in this limit, the Kàhler- 
Atiyah algebra reduces to the exterior algebra (f2 K (M), A). Under some mild assumptions, 
the géométrie product can be described quite elegantly in the language of supermanifolds, as 
the star product induced by fiberwise Weyl quantization of a pure spin system [19-22]. For 
this, consider the parity-changed tangent bundle HTM of M (a supermanifold with body 
M) and introduce odd coordinates ( a on the fibers of UTU, corresponding to a coframe e a 
of M defined on a small enough open subset U C M. Inhomogeneous differential forms (1.1) 
correspond to functions defined on HTM having the following local expansion: 

/.(^c)^é^SU(^)c oi ---r • (3.15) 

fc=0 

This allows us to represent the géométrie product through the fermionic analogue * of the 
Moyal product, using a certain 'vertical' [22] quantization procédure 5 : 

f 1) ~Ê\ 

f u * f v = f^v = U ex P I gab g^ gçb ] fi ■ ( 3 - 16 ) 

Expanding the exponential in (3.16) gives the following expressions for two gênerai inhomo- 
geneous forms u,r] E £l^(M)(cî. [23-25]): 

L 2 J ( — l) k L 2 J ( — l)^ 1 

u ° -n = E ^yr w ^ i + E j^Tïy. <u) A2k+l 71 (3 - 17) 

k == k == 



5 This is most easily explained in the case when d = dimM is even, namely d = 2r. Then 'vertical' 
fermionic Weyl quantization (in which one quantizes only along the odd directions of HTM , while treating 
the body M as classical) can be performed by choosing an almost complex structure on M, which induces a 
décomposition Te M — W © W* of the complcxificd tangent bundle of M, with W a complex vector bundle. 
This allows us to define fermionic Fock représentations at each point x <G M given by annihilation and création 
operators d =' "^(7fc + *7r+fe), a£ = ^(ik — ilr+k) (wherc i = 1 . . . r) defined at x, with cohérent states 

given by \z) x d ==' e~22fc=i z a ^ |0)a;, where |0) x is the vacuum at x and z k — \{(, k + iÇ~ +k ) are odd complex 
coordinates along the fibers of ITTcM. Idcntifying flc(M) with the algebra of complex functions on HTM, 
we have = and a\ = z k , so the bundle of spin Fock spaces can be identified with the sub-bundle AW* 
of AT£M. The star product * takes the form: 

^ <- 



û 9 9 , Ja 9 9 



Uo v - f u * /„ - f u exp g ^ d _ t + g d _ k ^ f v , 



which agrées with (3.16). 
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as well as the following expansions for the graded o-commutator and graded o-anticommutator 
of ou with r\: 

[M]-,o = 2^2 ( 2k \_ lV *(u) ^ k+ m , [[uj,r ] }} + ^ = 2j2 -7^T^^kV ■ (3-18) 

k=0 ^ >' fc=0 ^ >' 

For forms of definite ranks, the graded o-commutator and graded o-anticommutator are of 
course deflned through: 

[[ W ,r ? ]]_, <> d = f -a;o^-(-l)V^ , [k v\U,o =' uor,+(-l) kl V ou , Vw G îl^(M) , Vr? G fij^M) , 

being extended by linearity to the entire space il^(M). The binary C°°(M, K)-bilinear opér- 
ations A k which appear in the expansions above are the contracted wedge products [23-26], 
defined iteratively through: 

u A r] = uj Ai] , u A k +i V = g ab (e a ju) A k (e 6 jî?) = g ah {b e au) A k (t eb r]) . 

We will mostly use, instead, the so-called generalized products A k , which are defined by 
rescaling the contracted wedge products: 

A k = yA k . (3.19) 

Thèse have the advantage that the various factorial prefactors in the expansions above dis- 
appear when those expansions are re-expressed in terms of generalized products. 

Expansions (3.17) and (3.18) can also be obtained directly from the définition of the 
géométrie product using (3.13), which shows that the purely mathematical identifies given 
above also hold irrespective of any interprétation through the theory of quantization of spin 
Systems. 

3.3 (Anti-)automorphisms of the Kâhler-Atiyah algebra 

Direct computation shows that tt is an involutive automorphism (known as the main or 
grading automorphism) of the Kàhler-Atiyah bundle (a property which, in the limit g — > oo, 
recovers the well-known fact that tt is also an automorphism of the exterior bundle). The 
Kàhler-Atiyah bundle also admits an involutive anti-automorphism r (known as the main 
anti- automorphism or as reversion), which is given by: 

t(u) d = (-1)^0; , G H&(M) . (3.20) 

It is the unique anti-automorphism of (AT^M, o) which acts trivially on ail one-forms (i.e. 
which satisfies t(9) = 9 for any form 9 of rank one). Direct computation (or the fact that 
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the exterior product is recovered from the diamond product in the limit of infinité metric) 
shows that r is also an anti-automorphism of the exterior bundle (T^M, A). We also notice 
that 71 and r commute. AU in ail, we have the relations: 

7TOT = T07r , 7T07r = TOT = idn K (M) • 

Note that Cl cv (TJ£M) identifies with the sub-bundle of unital subalgebras A CV (T^M) = 
© fc=cvcn A fe T^M of the Kàhler-Atiyah bundle, whose space of smooth sections îl^(M) can 
be described as the eigenspace of n corresponding to the eigenvalue +1: 

n^(M) = /C(l - tt) = {u G n K (M)\jr(uj) = lu} . 

3.4 The left and right géométrie multiplication operators 

Let Lu, Ru be the C°°(M, K)-linear operators of left and right multiplication with u> G Çl^(M) 
in the Kàhler-Atiyah algebra: 

L w (r]) à =ujori , R w (r]) à = r]Ou , Vu;, r\ G Qk(M) . 

Thèse satisfy: 

L( J j 1 o Ru)2 ° L u]1 , L u]l o Z/ W2 L ullO0J2 , -R^j o R W2 Rw2<>l^i 

as a conséquence of associativity of the géométrie product. We also have: 

L^ott = vroL^) , R w on = noR w{uj) , L w ot = toR t{uj) , toL w = R T ^)or , Vu; G fk(M) , 

since 7r is an involutive algebra automorphism while r is an involutive anti-automorphism. 
Identity (3.13) can be written as: 

L e = A e + Le , R s o n = A - t e , V0 G Ù^(M) , (3.21) 

being équivalent with: 

A e = ^(L e + Rg o tt) , Le d =^(Le-Reorr) , V6> G îl^(M) . (3.22) 

This shows that the operators A# and t# (and thus — given properties (3.9) - - also the 
operators A w and l w for any ou G Qk(M)) are determined by the géométrie product. 
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Remark. Equation (3.13) implies: 

i e u> = ±[[6,u>]]-,. , 0Au = ^[[6,u]]+^ , V0e^(M) , \/ueQ K (M) . (3.23) 

The first identity in (3.23) shows that the operator i e is an odd C°°(M, K)-linear dérivation 
(in fact, an odd differential — since lq o lq — 0) of the Kàhler-Atiyah algebra: 

rj) = t (uj)or] + Tr(uj)oie(r]) , Vu,rieQ K (M) , \/6 G Q 1 (M) . 

In the limit (7—7-00, this property recovers (3.11). Notice that Aq is not a dérivation of the 
Kàhler-Atiyah algebra — however, it satisfies Aq o Aq = 0. 

3.5 Orthogonality and parallelism 

Let 6 G fijg(M) be a fixed one-form which satisfies the normalization condition: 

9(6,6) = 1^l 6 6 = 1 . (3.24) 

This condition is équivalent with: 

6od = l , (3.25) 

a fact which follows from (3.13) and from the identity 6 A 6 = (which, together, imply 
6o6 = u e 9). 

We say that an inhomogeneous form ou G Qk(M) is parallel to 6 (we write 6 \\ ou) if 
6 Au = and orthogonal to 6 (we write 6 1 _L ou) if tgu; = 0. Thus: 

6 II w w G /C(A e ) , 9 ± ou <=> ou G K,(lq) , 

where we remind the reader that JC(A) dénotes the kernel of any K-linear operator A : 
tt K (M) ->■ Q K (M). Properties (3.10) imply l(t e ) C and X(A e ) C /C(A e ), where Z(A) 

dénotes the image of any K-linear operator A : Çî K (M) — > Q K (M). Thèse inclusions are in 
fact equalities, as we shall see in a moment. 

Proposition. Any inhomogeneous differential form ou G Î1 K (M) décomposes uniquely as: 

W = W|| + ou± , 

where || ou\\ and _L Moreover, the parallel and orthogonal parts of ou are given by: 

ou\\ — 9 A (ieuu) , u± = ig(6 A ou) . 
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In fact, the C°°(M, K)-linear operators P\\ d = Ag o t e and P± d = ig o Ag are complementary 
idempotents: 

P\\ + P± = id nK(M) , P {{ o F,, = F,, , P ± oP ± = P ± , P y o P ± = P ± o P {{ = . 

Proof. The statements of the proposition follow immediately from the fact that Ag and ig 
are nilpotent and because ig is an odd dérivation of the wedge product, which implies: 

ig{9 A eu) = LU - 9 A (igCd) , 

where we used the normalization condition (3.24). 

As an immédiate corollary of the proposition, we find the well-known equalities: 

K{ie)=X{ie) , K{Ae)=T{Ae) . 
as well as the characterizations: 

9 || lu lu = 9 A a with a G fi K (M) 9 o lu = -it(lu) o 9 lu G K(L e + Rg o n) , 
9 JL lu <^ lu = ig(3 with (3 G fi K (M) «ow = tt(w) o 9 <^ lu G /C(L e - Rg o tt), (3.26) 

where we used relations (3.22). Thus 9 || w iff. lu graded anticommutes with 9 and 9 J_ o; iff . 
a; graded commutes with 

Behavior with respect to the géométrie product. Consider the following C°°(M, K)- 
sub modules of f2 K (M): 

fiJ.(M) d = {w G Q K (M)\9 || w} , fi£(M) d = {lu G fi K (M)|0 JL lu} . 

Using the characterizations in (3.26), we find: 

9 || ou and 9 _L 7/ =>- || (w o 77) and 6> || (77 o w) , 

|| a;, 77 =>- 9 J- (lu or]) , 

JL u,r] JL (wot?) , (3.27) 

which translate into: 

(w O 77)|| = W|| O + LU± O 7/|| , (ùU O T})± = LU\\ O 7)\\ + LU± O f]± . (3.28) 

We thus have the inclusions: 

4(M)o4(M)cni(M) , n£(M)oni(M)cfii(M) , 
4(M)oîîi(M)c4(M) , ^(M)ofl»(M)cfi«(M) . 
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Together with the identity lq(1m) = (which shows that 9 _L 1 M ), the last property in (3.27) 
shows that fl^(M) is a unital subalgebra of the Kàhler-Atiyah algebra. 

Notice that characterizations (3.26) imply that the involutions n and r préserve paral- 
lelism and orthogonality to 9: 

9 || u =>> 9 || tt(w) , 9 JL w JL tt(w) , 

|| a; || r(w) , JL w =^ 9 JL r(w) . (3.29) 

The top component of an inhomogeneous form. The parallel part of a; G Cl&(M) can 
be written as: 

u\\=9 Au T , (3.30) 

where: 

U T LgU E tt^(M) . (3.31) 

This shows that lu détermines and is determined by the two inhomogeneous forms ou±_ and 
u>r, both of which belong to Q^(M). In fact, any ou G Q^(M) can be written uniquely in the 
form: 

w = 0Aa + /? with a, fi e n^(M) , (3.32) 
namely we have a = wj and /3 = This gives a C°°(M, K)-linear isomorphism: 

Q K (M)^ Q ± (M)®Q ± (M) . (3.33) 

which sends ou G Qk(M) into the pair (lut, lu ±) and whose inverse sends a pair (a, (3) with 
a, (3 E fl^(M) into the form (3.32). Since oj t is orthogonal to 0, we have 9 A Wj = 9 o w T = 
7t(u;t)o0 and thus = ^ow T . It follows that the décomposition of ou can be written entirely 
in terms of the géométrie product: 

LU = 9<>LU T +LU± • (3.34) 

An easy computation using this formula gives: 

(lu o î])± = lu± o i]± + iï(lu t ) o ï] T , (lu o r))r = ouj o rj± + tv(lu±) o î] T . (3.35) 
3.6 The volume form and the twisted Hodge duality operator 

The ordinary volume form. From now on, we shall assume that M is oriented (in 
particular, the K-line bundles A d T^M are trivial for K = R, C). Consider the volume form 
determined on M by the metric and by this orientation, which has the following expression 
in a local frame defined on U C M: 



vol M , 

ai 



u 4v^deT 



a\...a d 
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Here, detg is the déterminant of the matrix (g(e a , ej,)) aj 6=i...d while e ai ... ad are the local coef- 

12 d 

ficients of the Ricci density — defined as the signature of the permutation 



ai a 2 ... a d 



The volume form satisfies: 



vol M ovol M = (-1)*+^ = (_!)«+[*] = | 



•MzD _ i ^ q+ \d] _ f +1 , if p- q = 4 0, 1 p- q = 8 0, 1,4,5 

1, if p - q = 4 2,3 p- q = 8 2,3,6, 7 

(3.36) 



where we used the congruences: 

~d 



d(d-l) 

^ =2 



2 



and 



d(d - 1) _ . f ^ , if d = even 



g H ~ — =2 



tti , if d = odd 



The ordinary Hodge operator. Recall that the ordinary C°°(M, K)-linear Hodge oper- 
ator * is defined through: 

lu A (*rj) — (ou, t])vo\m , Vu,rieVl^(M) , \/k = 0...d (3.37) 

and satisfies the following properties, which we list for convenience of the reader: 

u Ar] = (-l) q (r],*uj}vo\M , Vw G fi fc (M) , Vr]en d ~ k (M) , VA; = ... d , 
(*oj,* V ) = (-iy(oj, V ) , \/u, V eQ(M) , 

vol M = *1m -<=>- *vol M = (-1) 9 1m , 
*w = i w volM , Vw G Î1(M) , 
*o* = (-l)V- 1 , 

* O 7T = ( — l) d 7T O * . 



We also note the identity: 



T O * = ( — 1IL2J * o r o ix d 1 



(-i)M 

which follows by direct computation upon using the congruence: 

k(k-l) + (rf-fc)(rf-fc-l) ^ d(d-l) + _ 
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The modified volume form. Consider the following K-valued top form on M: 

v d = c Pi g(K)vol M where Cp,,(K) d = { J + \d] i£ ^ ^ , (3.38) 

which satisfies: 



v«v={(- i y +m ' « = R . (3.39) 
* +1 , if K = C 



We have the normalization property: 

(v, v) = 

and the identity: 



i)n M , ifK 



en 



lpll M , ifK = C 



L u = R u oTi d - 1 ^^uouj = 7i d - 1 (Lo)ou , Vw G fî K (M) , (3.40) 

where 7r d_1 represents the composition of d — 1 copies of the main automorphism n: 

n d-i = f id n K (M) , if d = odd 
\ 7r , if = even 

In particular, z/ is a central élément of the Kàhler-Atiyah algebra iff. d is odd. 

The twisted Hodge operator. Let us define the (C°°(M, K)-linear) twisted Hodge oper- 
ator * : Q^(M) — > fi K (M) through the formula: 

ïu d = ou o v , Vw G • 

Identity (3.39) shows that (unlike what happens for the ordinary Hodge operator) the square 
of the twisted Hodge operator is always a scalar multiple of the identity: 



* o * 



(-lf+tfiid^M) , if K = R 
idn K (M) , if K = C 



A simple computation shows that the twisted and ordinary Hodge operators are related 
through: 

* = C p:q (K) * O T . 

In particular, the ordinary Hodge operator admits the représentation: 

*u = t(oj) o vol M = — \— t(oj) o v , \/u G Q K (M) . 

Cp,q{ K ) 
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3.7 Twisted (anti-)selfdual forms 

Let us assume that K = C or that K. = M and p— q =4 0, 1, so that the twisted Hodge operator 
* squares to the identity. In this case, the twisted Hodge operator has real eigenvalues 
equal to ±1 and we can consider inhomogeneous real forms belonging to the corresponding 
eigenspaces. A form ou G Qk(M) will be called twisted selfdual if *ou = +ou and twisted 
anti-selfdual if *ou = -ou. We let fl^(M) d = {ou G Q K (M)\ou o v = ±ou} C ^k(M) be the 
C°°(M, K)-submodules of twisted selfdual and twisted anti-selfdual forms on M. 

The ideals Q^(M). The éléments p± d = |(1 ± v) are complementary idempotents of the 
Kàhler-Atiyah algebra: 

p±op±=p± , p + +p_ = l M , p ± op T = . 

Notice that thèse idempotents are central only when v is central, i.e. only when d is odd. 

dcf 

The operators P± = R p± defined through right o- multiplication with thèse éléments: 
P ± (ou) d =uop ± = ^(u±cuou) (eue Q K (M))^P ± = Ul ± *) 

are complementary idempotents in the algebra of endomorphisms of the C°° (M, K)-module 
n K (M): 

Pl = P± , P+oP_ = P_oP + = , P + + P_ = idn K( M) • 

Therefore, the images îl^(M) = P±(fi K (M)) = Q^(M)p±. are complementary ie/t ideals of 
the Kàhler-Atiyah algebra, giving the direct sum décomposition: 

n K (M) = n+(M)®n K (M) . 

In particular, (f2^(M), o) are associative subalgebras of the Kàhler-Atiyah algebra. Thèse 
subalgebras have units (given by p±) iff. d is odd, in which case they are two-sided ideals of 

(n K (M),o). 

Local characterization. With respect to a local coframe e a above an open subset U C M, 
we have the expansions: 



*(e ai - afc ) = ^^V^et7| e ai --- afc afe+1 ... ûd e- + --- , 



*(e ai " a <= 
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where indices are raised with g ab . Using (3.41), one easily checks that an inhomogeneous 
form uj G fl^(M) with expansion (1.1) satisfies *uj = ±oj iff. its non-strict coefficients satisfy 
the conditions: 

(_l)k(d-l) 

<"2U = ± ^^n/W^ + <L > VA; = ... d . (3.42) 
3.8 Algebraic classification of fiber types 

The fibers of the Kàhler-Atiyah bundle are isomorphic with the Clifford algebra C1k(p, q) = 
Cl(p, q) <S>r K, whose classification is well-known. For K = C, we have an isomorphism of 
algebras C\c(p, q) ~ Clc(d, 0) d =' C\c(d) and the classification dépends only on the mod 2 
réduction of d; for K = R, it dépends on the mod 8 réduction of p — q. The Schur algebra 
§k(p, q) is the largest division algebra contained in the center of Cl^(p, q)', it is determined 
up to isomorphism of algebras, being isomorphic with R, C or H. The Clifford algebra is 
either simple (in which case it is isomorphic with a matrix algebra Mât(A^(d), §k(p, q))) or 
a direct sum of two central simple algebras (namely, the direct sum Mat(A K (d), §nc;(p, q)) © 
Mat(A K (d), §k(p, ?)))) where the positive integers A K (d) are given by well-known formulas 
recalled below. We say that the Clifford algebra is normal if its Schur algebra is isomorphic 
to the base field. It is convenient for our purpose to organize the various cases according to 
the isomorphism type of the Schur algebra and to whether the Clifford algebra is simple or 
not: 

When K = C. In this case, the Schur algebra is always isomorphic with C (so C\ c (p, q) « 
Clc(d) is always normal) and we always have vov — +1 and A c (d) = 2W. Moreover: 

• The algebra is simple iff. d = even, in which case Clc(d) ~ Mat(Ac(d),C) and v is 
non-central. 

• The algebra is non-simple iff. d = odd, in which case C\c(d) ~ Mat(Ac(d), C) © 
Mat(A c (cf), C) and v is central. 

When K = R. 

1. The Schur algebras and the numbers Ar(c?) are as follows (see, for example, [27]): 

• § ?» R (normal case). Occurs iff. p — q =$ 0, 1, 2 and we have A^(d) = 2M. 

• § py C (almost complex case). Occurs iff. p — q =s 3, 7 and we have A K (d) = 2M. 

• § py H (quatemionic case). Occurs iff. p — q = 8 4, 5, 6 and we have A ffi (d) = 2[2] _1 . 
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K = R 


vois — +1 


z/ o v = — 1 




1 CU) 


3(0 7(C) 


z/ is not central 


0(R),4(H) 


2(R),6(H) 



Table 1: Properties of z/ according to the mod 8 réduction of p — q for the case K = M. At the 
intersection of each row and column, we indicate the values of p — q (mod 8) for which the modified 
volume form v has the corresponding properties. In parenthèses, we also indicate the isomorphism 
type of the Schur algebra for that value of p — q (mod 8). The real Clifford algebra Cl(p,q) is 
non-simple iff. p — q =g 1, 5, which corresponds to the upper left corner of the table. Notice that v 
is central iff. d is odd. 

2. The simple and non-simple cases occur as follows: 

• C\(p, q) is simple iff. p — q = 8 0, 2, 3, 4, 6, 7. 

• C\(p, q) is non-simple iff. p — q = 8 1, 5. In this case, we always have v o v — +1 
and v is central. 

The situation when K = R is summarized in Table 1. For both K = R and K = C, the 
Clifford algebra is non-simple iff. v is central and satisfies vov — 1. In this case — for both 
K = R and K = C — the Clifford algebra admits two inequivalent irreducible représentations 
by K-linear operators, which are related by the main automorphism of the Clifford algebra 
and both of which are non-faithful; their Schur algebra equals C when K = C but may equal 
either R or H when K = R. 

3.9 Twisted (anti-)selfdual forms in the non-simple case 

In this Subsection, let us assume that we are in the non-simple case. Then v o v = +1 and 
(since d is odd in the non-simple case) v is a central élément of the Kàhler-Atiyah algebra: 

uouj = ujou , Vw G Ok(M) . 

Using the fact that v is central, an easy computation shows that P + and P_ are (non-unital) 
algebra endomorphisms of the Kàhler-Atiyah algebra, in fact: 

P±(uori) = P±(co) o P±(ri) = P±(lu) o v = lu o P ± ( v ) , Vw,7?efi K (M) 

and: 

P ± (l M )=P± ■ 

In this case, fi^(M) are complementary two-sidedidesAs of the Kàhler-Atiyah algebra (indeed, 
p± are central) — in particular, (fi^(M),o) are unital algebras, their units being given by 

P±- 
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Truncation and prolongation. Since d is odd in the non-simple case, we have the de- 
composition: 

n K (M) = n<(M)®n>(M) , 

where: 

^(M) d = f - ©E^(M) , Q>(M) d â- ® d k=[i]+i n k K (M) . 

The corresponding complementary C°°(M, K)-linear idempotent operators P < ,P > : Q-^(M) — >■ 
^k(M) are given by: 

P < (u) d =u < , P>(u;) d = w> , 

where, for any ou = G £Ik{M) (with u/ fc) G fi|(M)), we define w< (the /ower 

truncation of w) and w> (the upper truncation of w) through: 



We have: 

P> + P< = id QK(M) , P > oP < =P < oP > = , P > oP > = P > , P < oP < =P < . 

When uj is twisted (anti-)selfdual (i.e. ou G fl^(M) with e = ±1), we have: *u = eu, which 
implies: 

u> = e*^) , Vu; G ^k( M ) • 
Hence in this case ou can be re-constructed from its lower truncation as: 

uj = u< + e 5(w<) = 2P e (w<) = P e (2P<(w)) , Vu; G ^k(M) . 

It follows that the restriction of 2P< to the subspace Q^(M) gives a C°°(M, K)-linear bijection 
between this subspace and the subspace îl^(M), with inverse given by the restriction of P e 
to fîjg(M). We define the twisted ( anti-) s elfdual prolongation of a form u; G îl^(M) through: 

w±="-P±H , Vw G ^(M) . (3.43) 
Of course, the form ou G Qj^(M) can be recovered from its two prolongations asw = w + + w_. 
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The algebra (M), +±). We stress that P< does not préserve the géométrie product 
on its entire domain of définition Q K (M) — in fact, its image Qj^(M) is not a subalgebra 
of the Kàhler-Atiyah algebra since it is not stable with respect to o-multiplication. To cure 
this problem, we use the linear isomorphisms mentioned above to transfer the multiplication 
o of the unital subalgebra f2|(M) to an associative and unital multiplication * e defined on 
^(M) through: 

u+ e r J = 2P < (P e (uj)oP e (ri))en<{M) ^ P e (w* e ri) = P e (u) o P e ( V ) , Vu;, 77 G Q<(M) . 

(3.44) 

Since P t is a morphism of algebras on its entire domain of définition f2 K (M), we have 
P e (w) oPe(v) = Pe(uor}), so (3.44) gives: 

u* eV = 2P < (P £ (uor ] )) , Vu, V en<(M) . (3.45) 

Since 2P e (u o rj) — (1 + e*)(P < (cj or/) +P>(uo 77)) and ïo? < = P > oï ) this implies: 

u* e i] = P<(uoî)) + e*P > (uor]) = (woî))< + e*[(ou o ■>])>] , (3.46) 

a formula which can be used to implement the product ♦<= in a symbolic computation system. 
Combining everything shows that we have mutually inverse isomorphisms of algebras: 

Pe ln<(M) 

2^<b|(M) 

Thus (f2^(M), + e ) provides a model for the unital associative algebra (îl^(M),^). 

Local expansions. Let us further assume that d > 3. Then the covector fields e a G îl^(M) 
defined by a local pseudo-orthonormal frame above U C M belong to the subspace f^(M) 
and we consider their twisted (anti-)selfdual prolongations: 

4 =" p ±( e ") e î£(M) . (3.48) 

Since e ai '" afc = e" 1 A . . . A e"' = e ai o . . . oe"' and since P± are endomorphisms of the Kàhler- 
Atiyah algebra, we find that the prolongations of e ai - ak are given by o-monomials in the 
prolongations of e a : 

ef ak =" P±(e ai - afe ) = e a ± 1 o...oe a ± k . (3.49) 

In particular, the twisted (anti-)selfdual forms {e± ' afc |1 < ai < . . . < a k < d, k — 0, . . . , [|] } 
constitute a basis of the free C°°(U, K)-module fl^(U) (since { e ai --- afc |l < ai < . . . < a k < 
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d, k — 0, . . . , [|] } form a basis of the module Q^(U) and since the opération of taking the 
prolongation is an isomorphism of C°°(U, K)-modules). In fact, any twisted (anti-)selfdual 
form tu G Œ|(M) ( cf - i 1 - 1 )^ 1 - 2 )) expands as: 

[f] 1 

where ou$... ak G C°°(U, K) are as in (1.2). The coefficients with k > [| ] + 1 are determined 
by those with fc < [|] through relations (3.42). The lower truncation of such w has the local 
expansion: 

[f] 

fc=0 

We also note the explicit expressions: 

4 1 -"* = ^(e fll - afc ±c M (K)6 a -^ +i ... ad e^-^) , 
where c Pi9 (K) was defined in (3.38). 
3.10 Orthogonality in the non-simple case 

Assuming that we are in the non-simple case, let us consider the situation when we have a 
distinguished one-form 9 G fl^(M) which satisfies the normalization condition i e 9 = 1. 

The isomorphism of algebras between Q^(M) and Çî^(M). For any ou G il K (M), 
consider the décomposition ou — ou\\ +ou± into parts ou\\ = 9/\(igou) and ou± — Lg(9Aou) —ou — ou\\ 
parallel and perpendicular to 9. Since 9 || v (indeed, we have 9 A v = 0) and *w = ou o v, 
properties (3.27) imply: 

9 K *(ou ± ) , 9 _L ï(w||) , 

which gives: 

(*o;)|| = *(w_l) , (*ou)± = *(ou\\) . (3.50) 

The subalgebras îl^(M) and Q^(M) of the Kàhler-Atiyah algebra can be identified with each 
other using the operator 2P±, which takes a twisted (anti-)selfdual form ou into 2ou±. Indeed, 
if *u = eu (with e = ±1), then *(ou\\) = eou± and *(ou±) = eou\\. Hence the last of équations 
(3.28) implies: 

(ou o i])± = *(ou±) o *(r)±) + oj± o i]± = 2ou± o r]± , 
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since *(oo±) o*(i]j_) = u± o v o r]± o v = ou± o o v o z/ = ou± o r]j_ , where we used the fact that 
v is central in the Kàhler-Atiyah algebra and that it squares to l M . Thus: 

(uorj) ± = 2oj ± ot] ± ^^2P ± (luot]) = 2(2P ± cu) o (2P ± r]) , Vu;, 77 G fi^(M) ■ 

We also have: 

2P±(P±) = p±(i ± y) = P±(1m) = 1m , 

where we used the fact that 9\\u. Thèse properties show that the restriction 2Pj_|^(m) is a 
unital morphism of algebras from (f^(M),o) to (Q^(M),o). An easy computation shows 
that it is an isomorphism whose inverse equals the restriction of P t to Q^(M). It follows that 
we have mutually inverse unital isomorphisms of algebras: 

(tt|(M),o) ^ W(M),o) . (3.51) 

Combining with the results of Subsection 3.9, we have thus found two isomorphic models for 
the unital subalgebra (f2^(M),o): 

P ^n<(M) 2P ±-\q.<L(m) 

(0<(M),* e ) ^ (^(M),o) : (0^(M),o) • (3-52) 

2P <h|(M) Pe| "è( M ) 

The reduced twisted Hodge operator. Since 9 \\ v, we can write: 

v = 9 A u T , 

where the reduced volume form u T is defined through: 

A = lqv = 6 o v = v o 6 . (3.53) 

The last two equalities in (3.53) follow from (3.13) and from the fact that (in the non-simple 
case) v is central in the Kâhler-Atiyah algebra (since d is odd in this case). Multiplying the 
last équation with 9 in the Kàhler-Atiyah algebra and using the fact that 9 o 9 = g(9, 9) = 1 
gives: 

u = u T o9 = 9ou T . (3.54) 

Notice the identity: 

*4 = +1m , (3.55) 
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which follows from (3.53) using the fact that u is central, the normalization condition for 
9 and the property u ou = + 1m, which always holds in the non-simple case. Defining the 

reduced twisted Hodge operator * through: 

* u d = ir(ui) o u t , Vw G Qk(M) •<=>- *o = Rvr ° , (3.56) 
we have n(uj) = uj, so équation (3.55) implies: 

*o ° *o = +idc K (M) • (3.57) 
For later référence, we note the identities (where we use (3.54) and the fact that ir(u T ) = u T ): 

[n,R UT ]- p = [7T,*o]-,o = 

as well as: 

[Le, *o]+,o = [Re, *o]+,o = , 

which follow by easy computation. Using (3.22), the last identities imply the following 
anticommutation relations, which will be important below: 

[A fl , *o]+,o = [te, *o]+,o = . (3.58) 

To fmd explicit expressions for the parallel and perpendicular parts of *u, notice that *u = 
uou = uoujo9 = 9A iï(uj o uj) — ign(uj o ut) = 9 A (tt(u)) o uj) — ie(ir(uj) o uj), where we 
used (3.13) and the fact that n(u T ) = +u T . Thus: 

(ïw)jl = 9 A [n(u>) ou T ] = 9A [(tt(lu) o u t )±] , (*ui)± = —l 6 [tt(uj) o u t ] = —iq [(7r(a;) o ^t)||] • 

(3.59) 

The décomposition ou — u>\\ + u± and the fact that i g u T = (thus 9 ± u T ) imply (using 
properties (3.27)): 

9 || ou T ) , 9 _L (w ± o uj) , 
and (using (3.29) and the fact that tv(ut) = +1): 

9 || (tt(^h) ou t ) , 9 ± (n(oj ± ) o u T ) . 

Thèse relations show that: 

(ou o ut)\\ = o ut and (uj o ut)± = oj± o z/ T 

as well as: 

(n(u) o ut)\\ = 7r(cc?n ) o ut and (it(uj) o u T )± = n(ou±) o u T ■ (3.60) 
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Combining the last relation with (3.59) gives: 

(*o>)|| = 9 A [n(uj±) o vj] , (*ou)± = — ig o Vt\ ■ (3.61) 

Equations (3.61) and (3.50) read: 

(*oo)\\ = *(ou±) = 6 A *o(uj±) , (*ou)± — *(ou\\) — — i0*o(uj\\) , (3.62) 
while (3.60) gives: 

(* oj)\\ = *o(wj|) , (*o^)± = *o(w±) . 

In particular, we have: 

[* ,P||]-,o = [?(), ^-,0 = 

and ï = Ag o 5 o P ± — i e o ï o Py = Ag o P ± o * — tg o P|| o ï 0î which gives: 

* = Ag o $ — lg o ï (3.63) 

upon using Ag o Py = ig o Pj_ = <^ Ag o Pj_ = Ag and ^ o Py = i e . The relations above 
imply the following: 

def ~ ~ 

Lemma. Consider the operators ag = Ag o * and pg = — tg o * . Then: 

« 9 OQ fl = ftoft = , ag O /3 e = Pj| , f3 g oag = P ± . (3.64) 

Proof. The statement follows by direct computation using properties (3.58) and (3.57). 
Notice that (3.62) takes the form: 

(*u)\\ = *(u±) = ag(u±) , (*u)± = *(u)\\) = Po(u\\) , (3.65) 

For reader's convenience, we also list a few other properties which follow immediately from 
the above: 

a e o Py = =>• a e o P ± = a e , P± o a e = =>• P|| o « e = , 
/3 e o P ± = =}► o Py = , Py o = =}► P ± o = e , 

Pli O $ = ag , P ± O * = /3g . 
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Proposition. Let u G Q^(M). Then the following statements are équivalent: 

(a) ou is twisted (anti-)selfdual, i.e. *u = eu for e = ±1 . 

(b) The components ou\\ and u± satisfy the following équivalent relations: 

ou\\ = ed A *o(uj±) , ou± — — eie*o(u)\\) . (3.66) 
In this case, u\\ and u± détermine each other and thus any of them détermines ou. 

Proof. The fact that the two relations listed in (3.66) are équivalent to each other is an 
immédiate conséquence of the Lemma. The rest of the proposition follows from (3.63). 

Recalling the définition (3.31), we have 6 _L u T and ou\\ = Agu T , so the décomposition of ou 
reads ou = 9 A w T + cu±. Using (3.58), we find: 

Po o A e = Pj_ o * = * o P ± , 

which implies: 

Po(w\\) = *o(^t) =>• (*w)± = *(cu\\) = *o(w T ) , (3.67) 
where in the last equality we used (3.65). Hence the previous proposition has the following: 

Corollary. The following statements are équivalent for any ou G il K (M): 

(a) ou is twisted (anti-)selfdual, i.e. *ou = eu for e = ±1. 

(b) The inhomogeneous forms Wj = ^u; and u± = lq(9 A ou) satisfy the équation: 

ou± = e* ^T = e* u± . (3.68) 

In this case, u± and wj détermine each other and thus any of them détermines ou. Explicitly, 
ut détermines u through the formula: 

cu = (Ae + eï )(uj) , (3.69) 

while u± détermines u through: 

ou = (idf} K (M) + e A e o* )(o;j.) . (3.70) 

The corollary shows that the maps Ae + e*o : ^k(-^0 — ^ ^k(^) are isomorphisms of 
C°°(M, K)-modules, whose inverses are given by ou — > ojj. We stress that thèse maps are 
not isomorphisms of algebras. 
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The morphism <p e . For later référence, consider the C°° (M, K)-linear operator: 

y?/^ 2P ± oP e :Q K (M)^Qi(M) 

which acts as follows on ou = 9 o uj + oj± = 9 A wj + uj± G Qk(M): 

^9 e (w) = 6*o(wt) + wi = e^ T o w T + wi , (3-71) 

where we used équation (3.67) and we noticed that uj o w T = ir(u>r) o z/ T = * (uj) (since 
ujj and v-j are orthogonal to 9 and since rkz/j = d — 1 is even). We have <f t {9) = ez/j (since 
9j = 1 and 9± = 0) and (p t (oj) = ou for ail ou G îl^(M); in fact, thèse properties détermine 
ip e . One has the following: 

Proposition. The map (p e is idempotent, i.e. <p e o (p e = ip t . Moreover, it is a (unital) 
morphism of algebras from (f2 K (M),o) to (Q ± (M),o). 

Proof. Idempotency follows by noticing that v 9 eln ± (M) = 1 ^-n- L (M)- The fact that ip e is a 
morphism of algebras follows since both P± and P e are such. Finally, unitality of ip t follows 
by Computing: 

<p e (l M ) = P±0-m + = 1m , 
where we used P±(1m) = 1m and P±(v) = 0. 

It is clear that ip e is surjective. Moreover, the last proposition of the previous paragraph 
implies: 

%) = ÎÇ e (Jlf) . 

It follows that (p e restricts to an iso morphism from Çî^(M) to îl^(M) — which, of course, 
equals the isomorphism 2P±\ç l ^ M ^ ) of diagram (3.51). Notice the relations: 

P t o ip t = P e , ip t o P e = ip e , P ± o(p e = (p € , <p e o P ± = P ± , (3.72) 

where the first equality follows from the fact that 2P £ oP ± restricts to the identity on Î1|-(M) 
(see diagram (3.51)). Also notice the property: 

<p e (u) = el M , (3.73) 

which follows by direct computation upon using P±(1m) = 1m, P±W) — and the fact that 
vo v — 1m- 
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4. Describing bundles of pinors 

In this section, we discuss the realization of pin bundles within the géométrie algebra formal- 
ism — focusing especially on the non-simple case, when the irreducible pin représentations 
are non-faithful. Subsection 4.1 discusses an approach to pinor bundles which is particularly 
well adapted to the géométrie algebra formalism. In this approach (which, in some ways, 
goes back to Dirac — see [17,28] for a beautiful treatment), one defines pinors as sections of 
a bundle S of modules over the Kàhler-Atiyah algebra, the fiberwise module structure being 
described by a morphism 7 : (Q K (M),o) — > (End(S'), o) of bundles of algebras. For the case 
when 7 is irreducible on the fibers, the well-known représentation theory relevant for this 
construction and its relation with the fiber type classification of the Kâhler-Atiyah bundle 
is recalled in Subsection 4.2, paying attention to characterizing the kernel and image of 7. 
In Subsection 4.3, we introduce a certain 'partial inverse' 7 _1 of 7, which provides a sort of 
'vertical dequantization' map. Subsection 4.4 discusses a trace on the subalgebra f2^(M), 
which is related by 7 to the natural fiberwise trace on the pin bundle. 

4.1 Basic considérations 

We define a bundle of K.-pinors to be a bundle S of modules over the Clifford bundle Cl(T^M) , 
i.e. a IK-vector bundle ail of whose fibers S x (x G M) are modules over the corresponding 
Clifford algebras C1(T^ M). In our language, such a bundle is simply a bundle of modules 
over the Kâhler-Atiyah bundle (AT^M, o). In the particular case when the morphism 7 : 
(AT^M, o) — > End(S') induces an irreducible représentation of the Clifford algebra C1(T^ M) 
on each fiber End(S' x ), a bundle of pinors will be called a pin bundle. Bundles of K-spinors and 
¥L-spin bundles are defined similarly, but replacing Cl(T^M) with Cl ev (T^M), i.e. replacing 
the Kàhler-Atiyah bundle with its even sub-bundle. Physically, smooth sections of a (s)pin 
bundle describe K-valued (s)pinors of spin 1/2 defined over the manifold M. As explained 
in [17,28], a pin bundle S in our sensé exists on M iff. M admits a so-called Clifford c - 
structure, i.e. a 'réduction' of the structure group of the bundle of pseudo-orthonormal 
frames of T K M to a certain extension of the Clifford (a.k.a. Lipschitz) group over K. In this 
case, the choices globally available for S dépend — up to isomorphism — on the choices of 
a Clifford c structure and can be obtained from such a structure by applying the associated 
bundle construction. The map induced on sections satisfies: 

7(w or]) = 7(0/107(77) , Vw,r/Gfi K (M) (4.1) 

as well as: 

7(1 M ) = id 5 , 
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where ià s G T(M, End(S')) dénotes the identity section of the bundle End (S'). 

In the language of 'vertical quantization' of spin Systems, the (L 2 -completion of the) 
space T(M, S) of smooth sections of S plays the rôle of the Hilbert space (when K = R, one 
of course has to consider the complexification of S instead). In this interprétation, 7 plays 
the rôle of quantization map, giving a morphism from the algebra of quantum observables 
of the System (which is the Kàhler-Atiyah algebra) to the (L 2 -completion of the) algebra 
(r(M, End(<S)), o), which plays the rôle of algebra of 'vertical' operators acting in the Hilbert 
space. Thèse statements can be made quite précise provided that certain global conditions 
are imposed on (M, g), but the rigorous treatment of this issue falls outside of the scope of 
this paper. 

Notation. If (e a ) a=1 ... d is a local frame of TM above an open subset U C M (with dual 
coframe (e a ) a= i...d), then any inhomogeneous differential form ou on M expands locally as in 
(1.1). Wedefme7 a d = 7 (e a ) G F(U, End(S)), so 7 (e ai - afc ) = 7 ai - afe d = ^ ai ...a k l ai °- • -°7 afc G 
T(U, End(S')) (the complète antisymmetrization of the composition 7 ai o . . . 07"'). We have: 

k=0 

The locally-defined sections 7 e1 G T(U, End(S')) correspond to physicists' 'gamma matrices'. 
4.2 Représentation theory 

Let «S be a pin bundle with underlying morphism 7 : (fi K (M),o) — > (End(S'), o). 

Injectivity and surjectivity of 7. It is important to note that 7 need not be fiberwise 
injective or surjective, i.e. the morphisms of algebras 7^ : (A7^ M, o x ) sa C1(T* K M) — > 
End(S x ) need not be injective or surjective. The following characterization is convenient in 
this regard: 

• 7 is fiberwise injective iff. the fiber of the Kâhler-Atiyah bundle is simple as an asso- 
ciative algebra. 

• 7 is fiberwise surjective iff. the Schur algebra of the fiber of the Kàhler-Atiyah bundle 
is isomorphic with the base field K. 

This gives the following classification: 

The case K — C. Then 7 is always fiberwise surjective, being fiberwise injective iff. d is 
even. 
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K = M 


injective 


non-injective 


miTlPPT 1 VP 
Q LL± J CC ul V C 


Q(]\$) 2(M) 


1 eu) 


non-surjective 


3(C),7(C),4(H),6(H) 


5 (H) 



Table 2: Fiberwise character of 7 for the case K = R. At the intersection of each row and column, 
we indicate the values of p — q (mod 8) for which the map induced by 7 on each fiber of the Kàhler- 
Atiyah algebra has the corresponding properties. In parenthèses, we also indicate the isomorphism 
type of the Schur algebra for that value of p — q (mod 8). Note that 7 is fiberwise surjective exactly 
for the normal case, i.e. when the Schur algebra is isomorphic with R. 

The case K = R. Then 7 is fiberwise surjective iff. p — q =g 0, 1, 2. It is fiberwise injective 
iff. p — q = 8 0, 2, 3, 4, 6, 7. This is summarized in table 2. 

The Schur bundle and the image of 7. The Schur algebra Sk(p, q) of Subsection 3.8 
is realized naturally in the représentation space. Picking a point x on M, let S x be the 
subalgebra of (End(S , a; ), o) consisting of those endomorphisms T x G End(S' x ) which commute 
with any operator lying in the image of 7 X : 

S, d ^ {T x e End(S x )\[ lx (u x ),T x ]^ — , \/ui x G AT* M} . 

Then S s is isomorphic with §k(p, q) for ail x G M. The bundle determined by S z when x 
varies on M will be called £/ie Schur bundle of 7; it is a bundle of sub-algebras of (End(S'), o). 
Of course, the space S x can be viewed as a left E^-module via the obvious action of the 
éléments of H x — whereby S can be viewed as a bundle of modules over the Schur bundle. 
The image 7(AT^M) of 7 coincides with the sub-bundle End s (S') C End(S') whose fiber at 
x E M is given by: 

Endx(S) x = {T x G End(S)\[T x ,U x }-, — , V77 G ~E X } , 

while its space of globally-defmed smooth sections is: 

r(M,End s ( 1 S)) = {TGr(M,End( 1 S))|[T,\/]_ iO = 0, Wer(M,S)} . 

We also note that the image of the map induced by 7 on sections is given by: 

7(ft K (M))=r(M,End s (S)) . 

Irreducible algebra représentations of the fiber of the Kâhler-Atiyah bundle. We 

end by recalling some well-known facts from the représentation theory of Clifford algebras: 

• A simple Clifford algebra admits (up to K-linear équivalence) a single non-trivial irre- 
ducible représentation by K-linear operators, whose dimension equals A^(d) dim^ §k(p, q)- 
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• A non-simple Clifford algebra admits (up to IK-linear équivalence) two non-trivial ir- 
réductible représentations by K-linear operators, whose real dimensions both equal 
Ak(gT) dimjR §k(p, <?)• The two représentations map the Clifford volume élément de- 
termined by some given orientation into a sign factor times the identity operator of 
the représentation space, and are distinguished one from another by the value of that 
signed factor. 

4.3 A partial inverse of 7 in the non-simple case 

In the non-simple case, the bundle morphism 7 has the property: 

7 (z/) = e 7 id 5 , (4.2) 

where e 7 G {—1, 1} is a sign factor which we shall call the signature of 7. Direct computation 
using (4.2) gives: 

7 ° Pe 1 = 7 , 7 ° P-e~ f = , 

which implies that 7 vanishes when restricted to the sub-bundle (AT^M) - ^ and that its 
restriction to (AT^M) +e ~* gives an isomorphism between this latter sub-bundle of algebras 
and the sub-bundle of algebras (Ends(S'), o) of End(S'). We have ker(7) = (AT^M)~ e ~*. Hence 
the corresponding map on sections (which we dénote again by 7) has kernel /C(7) = f2 K Ê7 (M) 
while its restriction to Q^(M) gives an isomorphism between this latter subalgebra of the 
Kâhler-Atiyah algebra and the subalgebra T(M, End s (S)) of (r(M, End(S)), o). 

The sub-bundle (AT^M) 7 and the subalgebra f2^(M). Let us introduce notation which 
will allow us to treat ail cases uniformly. 

• In the non-simple case (when the signature e 7 is defined), we let (AT^M) 7 d =' (AT^M) 67 
and fi^(M) d = 14 7 (M). 

• In the simple case, we let (AT^M) 7 d = AT*M and fi£(M) d = Q K (M). 

In both cases, we have Œ£(M) = T(M, (AT^M) 7 ). Notice that (AT^M) 7 is always a sub- 
bundle of unital algebras of the Kâhler-Atiyah bundle while fi 7 , (M) is always a unital subal- 
gebra of the Kâhler-Atiyah algebra. 

The partial inverse of 7. Consider the bundle isomorphism: 

7&S : ( AT k^) 7 ^ End s (S) (4.3) 



38 



obtained by restricting the domain of définition of 7 to the sub-bundle (AT^M) 7 of the 
exterior bundle and the co-domain of définition to the sub-bundle End s (S') of End(S'). We 
let: 

= (tI^)' : End s (5) ^ (AT^M) 7 

be the inverse of (4.3). The corresponding maps on sections give the mutually-inverse iso- 
morphisms of algebras displayed in diagram (4.4). 



,r(M,End s (S)) 
fi 7 (T* M) 

(î£(M),o) ^ (r(M,End E (5)),o) . (4-4) 



7- 1 

Notation. We define: 

f A â- r \T)eïll{M) , VTGr(M,End s (,S)) . (4.5) 

In the context of 'vertical quantization' of spin Systems, 7 _1 plays the rôle of a (partial) 'ver- 
tical dequantization map', so T in équation (4.5) is the dequantization of a 'vertical' operator 
T acting in the Hilbert space. The partial inverse of 7 allows us to transfer statements about 
operators acting on pinors to statements about differential forms — an observation which 
will be used intensively in what follows. Notice the relations: 

7 _1 °7 = -Pe 7 , 7°7 _1 = id E nd E (5) , 7°^ 7 =7 , 7 P-e 7 = . 

Local expression for 7 -1 . Considering a local pseudo-orthonormal coframe e a and recall- 

ing that 7(e a ) = 7", we find: 

7^(7 a ) = e; , (4.6) 

where we have set: 



e® , if we are in the non — simple case 



' e a , if we are in the simple case 
with e" defined as in (3.48). Relation (4.6) implies: 



^,-l^oi...o fc ^ _ e ai...o fc 



e oi...a fc ^ if we are j n ftie non _ s i m ple case 
e 01 - 0fc , if we are in the simple case 



where e±"' ak are defined in (3.49) and we used the fact that 7 ai -°* = 7 ai o . . . o 7 ûfc for ail 
mutually-distinct ai ... a^, the fact that 7" 1 is an isomorphism of algebras when corestricted 
to its image and (for the non-simple case) identity (3.49). 
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4.4 Trace on Œ£(M) 

The subalgebra îî£(M) admits a C°°(M, K)-linear map 5 : fi|(M) ->■ C°°(M,K) given by: 

where the rank component of ou (see expansion (1.1)), S is any of the K-pinor bundles 

and N p>q equals 1 or 2 according to whether the corresponding fiberwise représentation is 
faithful or not (notice that N Ptq rk^S is the dimension of the smallest faithful représentation 
of the fiberwise Clifford algebra). One has: 

<SH = tr( 7 H) , Vueni(M) 

as well as: 

<S(l M ) = A^dim K (S) , S(uorj) = S( V ou) , Vu^eft^M) . 

5. The Fierz isomorphism and generalized Killing forms 

In this section, we take up the issue of translating constrained generalized Killing pinor 
équations into conditions on differential forms. To simplify présentation, we shall assume 
from the outset that the Schur algebra is isomorphic with the base field K, so that either 
K = C or we are in the normal case with K — R. We start in Subsection 5.1 with a discussion 
of the bundle of bipinors. Subsection 5.2 considers a certain isomorphism of bundles of 
algebras (which we shall call the Fierz isomorphism) that provides an identification of the 
bundle of bipinors with the bundle ((AT^M) 7 , o) and allows for a concise description of those 
Fierz identifies which involve four pinors. This construction makes essential use of a choice 
of bilinear and non-degenerate 'admissible' form SS on the pin bundle (such inner products 
were classified in [29], see also [30]). Subsection 5.3 extracts some basic properties of this 
isomorphism which will be useful later on. In Subsection 5.4, we give a brief discussion of 
completeness relations for the endomorphism algebra of the pin bundle. Subsection 5.5 gives 
an explicit local expansion of the Fierz isomorphism which dépends on the choice of a local 
pseudo-orthonormal coframe. In Subsection 5.6, we show how algebraic constraints on pinors 
translate very directly into constraints on differential forms if one uses the basic properties 
of the Fierz isomorphism. Subsection 5.7 takes up the problem of translating generalized 
Killing pinor équations into conditions on differential forms. Using the Fierz isomorphism, 
we show that any connection on the pin bundle which is compatible with Së defines a certain 
algebra connection on the Kâhler-Atiyah bundle (i.e. a linear connection which is a fiberwise 
dérivation of the géométrie product) such that the Fierz isomorphism is fiât with respect to 
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the connections induced on its domain and codomain. Using this property, we show how 
one can easily translate generalized Killing conditions on pinors into differential constraints 
on forms defined on M. Subsection 5.8 gives another form of such differential constraints, 
which is used in Appendix B for comparison with the component approach outlined in [3]. In 
Subsection 5.9, we discuss some basic aspects of the algebro-differential System of constraints 
on inhomogeneous forms which results from our analysis. As expected, our formulation allows 
one to extract basic structural properties of this System, thereby providing a starting point 
for a natural generalization of the classical theory of Killing forms. Finally, Subsection 5.10 
considers the particular cases of one and two independent constrained generalized Killing 
pinors with a definite and symmetric Spin(rf)-invariant metric, the first of which is relevant 
to the application discussed in Section 6. 

5.1 Bipinor algebras 

Let S be a pin bundle over {M, g) with underlying morphism 7 : (AT^M, o) — > (End(S'), o). 

Admissible bilinear pairings on the pin bundle. It is well-known that S carries so- 
called admissible non-degenerate bilinear pairings whose action on sections of S satisfies: 



as well as a certain other property which can be found in [30] but will not be relevant for 
what follows. In the formulas above, we used the following anti-automorphism of the Kàhler- 
Atiyah algebra: 



where r is the reversion anti-automorphism defined in (3.20). The numbers (the type of 
S§) and <jûg (the symmetry of â§) equal +1 or —1, depending on p,q and the précise choice 
of Së\ such bilinear pairings were classified in [29,30]. Notice that the first équation in (5.1) 
implies: 



where T* dénotes the transpose of T G T(M, End(S')) with respect to SS, which is defined 
through: 



(5.1) 




7M* = 7fa»M) , VwGfi K (M) 



î.e.: 



( )* o 7 = 7 o r m 



(5.2) 



(5.3) 
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This opération satisfies (T*)* = T and (idg)' = ids, the first identity being a conséquence 
of the signed symmetry property of 88 (the second identity listed in (5.1)). The opération 
T — y T l of taking the ^-transpose defines a C°°(M, K)-linear anti-automorphism of the 
algebra (F (M, End(S)), o). 

Local expressions. Given a local pseudo-orthonormal coframe e a above C/ C M, the first 
of properties (5.1) amounts to: 

83^^,0 = t®m,l a C) , Vi,i'eT(U,S) , 
which means that 7 a = 7(e a ) satisfy: 

( 7 tt )* = 6^ 7 a , 

a relation which implies: 

where = (e^) fc . Since [7 a ,7 6 ]+,o = 2r? a6 , we also have: 

(7T 1 = 7a where 7 a d = r) ab ~f b , 

which in turn gives: 

I ai...o fc \-l 

l / y 1 fa fc ...ai • 

Combining the above, we find: 

((7 1 k ) ) = {la k ...ai) = ^ssla\...a h -, 

which implies: 

mi ai --- ak r l iÂ') = e%m,ia 1 ...a k o . 

Thèse relations will be useful later. 

The isomorphism E. The non-degenerate pairing 88 induces a bundle isomorphism p : 
S ^y S*, whose action on sections is given by: 

p(0 (£')=■ , V£,£'er(M,s) . 

On the other hand, we have a natural bundle isomorphism q : S (g) S* ^y End(S'), given on 
sections as follows: 

9(É®»7)(0 ="rç(OÉ , V£,£'er(M,s) , VijerfM,^) . 
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The two maps above combine to give a bundle isomorphism E —' q o (ids <E> p) '■ S <8> S ^> 
End(S). Setting E u , d = E(Ç <g> £') e T(M, End(S)) for ail £, £' G T(M, 5), we have: 

^^0^3^ = ^3,6)^6,^ , vei,6,&,e4er(M,5) , (5.4) 

an identity which follows from the explicit form: 

E^(C) = m",e)ç (5.5) 

without making use of the signed symmetry property of SS. Note that E dépends on the 
choice of SS (since p does). 

The bundle of bipinors and the bipinor algebra of S. The bundle isomorphism E 
allows us to transfer the fiberwise composition of operators from End(S') to an associative 
and bilinear fiberwise composition • defined on the bundle of bipinors S <E> S, whose action 
on sections takes the form: 

u»v d = E~ 1 (E(u) o E(v)) , \/u,v G T(M,S® S) . (5.6) 

This opération satisfies: 

(6 ® 6) • (£3® £4) = ^(£3,6)6® £4 , ^i,^2,ù,ùeT(M,S) . (5.7) 

The composition • makes the bundle of bipinors into a bundle of unital associative algebras 
which is isomorphic with the bundle of algebras (End(S'), o); of course, the unit section ids 
of End (5) maps to the unit section of S <g> S, which we dénote by X d =' E~ 1 (id,s). The unital 
associative algebra T(M, S <g> S) = T(M, S) ®c°°(m,k) r(M, S) consisting of smooth sections 
of the bipinor bundle will be called the bipinor algebra of S; it is an algebra over the ring 
C°°(M, K). 

The bipinor C°°(M, K)-algebra of a submodule of sections. If K, is any K-linear 
subspace of T(M, S), then the set: 

ic ® c -(m,k) k. d = ® ç% e g K) c r(M, s ® s) « r(M, s) ® C o 0(MjK) r(M, s) 

is a K-linear subspace of T(M, S ® S). 

When /C C T(M, 5) is a submodule of the C°°(M, K)-module T(M, 5), then the subspace 
/C<8>c°°(m,k)^ C T(M, S®S) is a (generally non-unital) subalgebra of the bipinor algebra of S, 
which we shall call the bipinor algebra of K,. This associative algebra defined over C°°(M, K) 
dépends on the choice of SS. In particular, the space of smooth global sections T(M,K) of 
any vector sub-bundle K of S is a C°°(M, K)-submodule of T(M, S) and the corresponding 
bipinor algebra T(M, K) ®c°°(m,k) r(M, = T(M, K <8>K) will be called the bipinor algebra 
of K. 
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The bipinor K-algebra of a ^-flat subspace of sections. Another interesting case 
arises when the K-linear subspace /C C T(M, S) is £$-flat, by which we mean that /C satisfies 
the condition: 

£') 1S a constant function on M , V£, £' G /C . 

In this case, /C ®c°°(m,k) /C is a K-subalgebra of the bipinor algebra (r(M, S 1 ® S 1 ), •), which 
we shall call the (fiât) bipinor K- algebra déterminée! by /C. 

5.2 The Fierz isomorphism and Fierz identities. Fierz algebras. 

The Fierz isomorphism E. Let us now assume that we are in one of the cases when the 
Schur algebra is isomorphic with the base field. Then one can also transport to the bundle 
of bipinors the isomorphism 7 -1 : End(S') (AT^M) 7 to get an isomorphism of bundles of 
algebras: 

È^'y- 1 oE:(S®S,.)^((AJÎM)' 1 ,<>) , 
which we shall call the Fierz isomorphism. On sections, this induces a C°°(M, K)-linear 
isomorphism of algebras (denoted, as usual, by the same symbol): 

É d ^ 7 _1 o E : (r(M, S®S),.)^ (f£(M), o) , 

which identifies the bipinor algebra with the subalgebra îl^(M) of the Kâhler-Atiyah algebra. 
Note that E dépends on the choice of admissible form SS. 

Fierz identities involving four pinors. Setting È^> d = È = 7~ 1 (i?ç i ,t/) G îl^(M) 
(for £, £' G T(M,S)), équation (5.4) implies the following identity in the subalgebra f2^(M) 
of the Kàhler-Atiyah algebra: 

%,&o4,,€4=^(6,6)£fc,€4 > VÇi,Ç2,&,Uer(M,S) . (5.8) 

Equation (5.8) is the condensed expression of Fierz identities involving four pinors. Thèse 
identities simply express the fact that 7 (and thus E) is an isomorphism of bundles of algebras, 
rather than simply an isomorphism of vector bundles — and are, in fact, équivalent with this 
property once fiberwise linearity of 7 is assumed. The construction of E is summarized in 
the commutative diagram (5.9), which applies provided that §k(p, q) ~ In the diagram, 
we show the action of the various morphisms on sections. 

T(M, S® S) ^$?T(M, S ® K 5*) ( 5 - 9 ) 

È i 1 q 

Mk(M) ^r(M,End K (5')) 
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Notation. Let fc C T(M,S) be any K-linear subspace of F(M,S). The image of the K- 
linear subspace fc ®c°°(m,k) fc C T(M, S <g>S) through the Fierz isomorphism will be denoted 
by: 

fc d = Ë{K, <g) C oo (MiK ) K) C ^(M) (5.10) 
and is a K-linear subspace of f2^(M). 

The Fierz C°°(M, K)-algebra of a submodule of sections. When the subspace fc C 
T(M, S) is a submodule of the C°°(M, K)-module T(M, S), then the subspace /C®c°°(m,k) fc C 
r(M, S® S) is a (generally non-unital) subalgebra (over C°°(M, K)) of the bipinor algebra of 
S. Its image (5.10) through the Fierz isomorphism is a (generally non-unital) subalgebra of 
the C°°(M, K)-algebra (Jl^(M), o), which we shall call the Fzerz subalgebra determined by /C. 
This algebra over C°°(M, K) encodes the Fierz identities between bilinears constructed from 
pinors which belong to /C. A particular case arises when /C = T(M, K) where K C S is some 
vector sub-bundle of S — in which situation JC <S>c°°(m,k) fc is the bipinor algebra of K. The 
corresponding Fierz subalgebra fc will then be called the Fierz subalgebra determined by the 
sub-bundle K. With the further assumption that SS is a scalar product (as happens in the 
application of Subsection 6), the morphism E can then be then used to identify the Fierz 
algebra of K with the C°°(M, K)-algebra T(M : End(K)) of globally-defmed endomorphisms 
of the bundle K; in particular, the Fierz subalgebra is unital in such cases. 

The Fierz K-algebra of a e^-fiat subspace of sections. When K, is a ^-flat K-linear 
subspace of T(M, K), the vector space fc ®c°°(m,k) fc is a K-subalgebra of the bipinor algebra 
(T(M,S (g) S),»). It follows that its image (5.10) through the Fierz isomorphism is a K- 
subalgebra of the algebra Q^(M), which will be called the (flot) Fierz ^-algebra determined 
by /C. 

5.3 Some properties of the Fierz isomorphism 

A simple computation using (5.5) shows that the following identities hold for any T G 
r(M, End(S)): 

ToE u , = Er U , , %-or = Vî' , vç,eer(M,s) , (5.11) 

i.e. 

L T o E = E o (T ® ids) , i? T ° £ = E o (id 5 (g) T l ) , (5.12) 

where Lj- and are the operators of left and right multiplication with T in the algebra 
(r(M,End(S)),o). Applying 7" 1 to identities (5.11) and setting f d = 7 _1 (T) G fiJ(M) 
gives: 
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i.e. (substituting T — > T l into the second équation): 

foÈ ÎÀ , = ÈT U , , Ë^oiT 1 ) =È^ n , . (5.13) 

This also reads: 

L f o Ë = É o (T (g) id s ) , RfoË = Ëo (id 5 <g> T') , (5.14) 

where Lj. and -Rj. are the operators of left and right multiplication with T in the Kàhler- 
Atiyah algebra. Equation (5.2) implies 7 _1 o ( )* = t& o 7 _1 , i.e.: 

1 -\T t ) = r ss {r 1 {T))^{T t ) =r âS (f) , VTer(M,End(5)) . 

We can thus write the second relation of (5.13) in the form: 

È iÂ ,OT âi {f) = È tT ç , VT G T(M, End(S')) , V£, £' G T(M, 5) . (5.15) 

We also notice the relation: 

(EwY osI-^^^tAI-:^) r. x /u- , ve,e'er(M,5) , (5.16) 

which follows from the signed symmetry of Sê together with définition (5.5). The last identity 
can also be written as: 

( )* o E — E o transp^ -<=>- t® o E = E o transp^ , (5-17) 

where transp^ d = cr^transp and transp : F(M, S <g> S) ->• T(M, 5 <g> 5) is the C°°(M,K)- 
linear operator which is defined as follows on decomposable éléments: 

transp(£® £')=£'»£ , VÇ,Ç'er(M,S) . (5.18) 

One easily checks that transp^ is an anti-automorphism of the bipinor algebra. For later 
référence, note the identity: 

troL T o£ = ^o(T® id s ) <^ tr(T o £^,) = 3§(T^, g) , Vf, £' G T(M, 5) , (5. 19) 

which will be useful below. 
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5.4 Local completeness relations for the endomorphism algebra of the pin bundle 

Let tr : End(S') — > Ok be the natural 6 trace on End(S') (which is a morphism of K-vector 
bundles). Recall that we assume the Schur algebra to be isomorphic with the base field 
K. Then a convenient generating set of local sections for the vector bundle End(S') above 
a sufficiently small open subset U C M is given (see, for example, [27]) by the operators 
jyu...a fc |£ _ o, . . . 1 < ai < ... < Ofe < d}, where d = p + q and 7 a = 7(e a ) with (e a ) a 
pseudo- orthonormal local coframe of M above U. The following identity (the 'completeness 
relation') holds: 

T '=v ^ilh ï{T ^ k ''' ai ^-^ ' VTer([/,End(S)) . (5.20) 
fc=0 fc - 

Remark. The K-vector bundles End(S') ® End(S') and End(End(S')) can be identified 
through the bundle isomorphism W : End(S') (g) End(S') — >• End(End(S')), which acts as 
follows on sections: 

W(A® B){T) = Ati(B oT) , VA, B,T e T(M, End(S')) . 

Using this isomorphism, we transport the composition o of End(End(S')) to an associative 
composition • defined on End(S') ® End(S'), whose action on sections is given by: 

(A®B) • (A'®B') = W~ l (W(A®B) o W{A' ® B')) , MA, A', B, B' G T(M, End(S')) . 

An easy computation shows that • has the explicit form: 

(A ® B) • (A' <g> B') = tr(A' o B)A <g> fi' , VA, A', fi, fi' G T(M, End(S)) . (5.21) 

The unit section id En d(s) of the bundle End(End(S')) corresponds via W to the unit section 
J d =' W _1 (id En d(S)) of (End(S') <g> End(S'),«). Expression (5.21) shows that the complete- 
ness relation is équivalent with the following décomposition of the unit I\u of the algebra 
(r([/,End(S)®End(S)),«): 

d 



6 This map can be defined naturally on the bundle of endomorphisms of any vector bundle, making no 
référence whatsoever to any bilinear pairing on the bundle. 
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5.5 Explicit expansion of the Fierz isomorphism when the Schur algebra equals 
the base field 

Given a local pseudo-orthonormal coframe of M, explicit expansions for the isomorphism 
E can be derived using the results of [27] (see also [31]) for any choices of the base field K 
and of the signature type (p, q). A complète discussion is quite involved given the différent 
behavior in various cases and will be taken up in détail in a différent publication. Below, we 
shall consider only the case when the Schur algebra is isomorphic with the base field K, i.e. 
the case when K — C and the case when K — R with p — q = 8 0, 1, 2. 

In this case, the local completeness relation (5.20) holds. Applying it to the endomor- 
phism T = Eç£ and using relation (5.19), we find the local expansion: 

which implies the following local expansion of the Fierz isomorphism upon applying 7 _1 to 
both sides: 

2 H 

(an identity holding in Jl^(M)), where: 

% = É4' ( 5 -25) 

k=0 

(as in (1.1)), with: 

Ëtl=u^ÈZaS^Oer^ , (5.26) 

where: 

^£U&0 = ^...a^O = 4^7a,..a fc O ■ (5.27) 

5.6 Expressing the algebraic constraints through differential forms 

Consider the case when we have a single algebraic constraint = 0, where Q G T(M, End(S')) 
As in Section 2, we let JC(Q) dénote the space of solutions of the algebraic constraint, which 
is a sub-module of the C°°(M, K)-module T(M,S). Recall that there generally exists no 
sub-bundle of S whose space of smooth sections equals K(Q). 
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The dequantized constraint and the C°°(M, K)-subalgebra of constrained inhomo- 
geneous forms. The inhomogeneous form: 

Q = 1 ~ 1 (Q)eœ K (M) 

will be called the dequantization of Q. Relation (5.12) gives: 

L Q o E = E o (id s (g) Q) , R Q t o E = E o (Q (g) id s ) , 

where Lq,Rqi are — as above — the operators on T(M, End (S')) given by left and right 
composition with Q and Q 1 . Using the fact that E is an isomorphism as well as the identifies 
K(Q <g> id s ) = K.(Q) ®c°°{m,k) T(M, S) and /C(id s <g> Q) = T(M, S) ® c - ( m,k) £(Q), we find 
K>{Q) ®c°° (m,k) fc{Q) = fc{Q <S> id s ) n /C(id s (g) Q) and: 

£(/C(Q) ® C oc (MiK) /C(Q)) = K(L Q ) n /C(i? Q . 

Applying 7 _1 to both sides of this relation gives the following description of the Fierz al- 
gebra of the sub-module of sections K.(Q), which we shall call the C°°{M,'K)-algebra of 
Q-constrained inhomogeneous forms: 

iC Q d = É(1C(Q) ®c^m,k) 1C(Q)) = K{Lq) n JC(R Tsg{Q) ) n Ql(M) = 

= + r tM q } ) n - R Tm {Q)) n œ K (M) . (5.28) 

Here, Lq, Rq are the left and right o-multiplication operators of Section 3.4 and the second 
equality above is obvious. With thèse définitions, we have the équivalence: 

È u , et Q « i' e K(Q) ® c ~(m,k) K,(Q) , (5.29) 

i.e.: 

QoË u , = Ë^,OT 3g {Q)=Q « £ = or e' = or QÇ = Q? = . (5.30) 

Behavior under t®. The équivalence (5.30) can be written in the following form, which 
follows by applying t® to the second équation in the left hand side: 

Q o Ë u , = Qo Ta(È u ,) = ^ Ç®£ e K,{Q) ® c °°(m,k) K.(Q) (5.31) 

or (using (5.16)) in the form: 

QoÈ^, = QoÈç Â = Q <^ i (g) G K(Q) ®c°°(m,k) K,(Q) ■ (5.32) 

In fact, relation (5.17) and the obvious fact that JC(Q) <S>c°°(m,k) fc(Q) is invariant under the 
anti-automorphism transp^ imply that the algebra of Q-constrained differential forms is 
invariant under r^: 

t®(1Cq) = Kq . 
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Remark. Using (5.15) and (5.24) and separating ranks shows that (5.30) can be written 
as: 

£ ® e G K{Q) ® c °°(m,k) /C(Q) « È ( q\ â , = Èf Qe = , VA; = ... d , 
which amounts to the following description upon using the explicit form (5.27) of E: 

Ç®? G/C(g)®c-(M,K)/C(Q)^^,g*7a 1 ...a fc e / )=^,7a,..a fc Qe , )=0 , V£, £' G K,{Q) . 

(5.33) 

In Appendix B.l, we show that équations (5.33) are équivalent with certain relations which 
were first discussed in [3] for the spécial case d = p = 8, q = 0. 

5.7 Conditions on differential forms implied by the generalized Killing équation 

In our formulation, a Clifford connection V s = dx m (g) on S is a connection which satisfies: 

[VLtH]-, = 7(V m w) , Va; G fi K (M) <=► (V*) ad o 7 = 7 oV m « P, 7 oV m = 7 ^o(V*) ad °7 

(5-34) 

where V m is the connection induced on AT^M by the Levi-Civita connection of (M, g) and 
(V^) ad : r(M,End(S)) ->■ F(M,End(S)) is the connection induced by on End(S): 

(V s m r d (T) d ^[V s m ,TU = V s m oT-ToV è m , VT G T(M, End (5)) . 

Notice that P tl o V is the connection induced by V on the sub-bundle (AT^M)^ and that 
this induced connection is determined by (V s ) ad through property (5.34). In the following, 
we take V 5 to be the connection on S induced by the Levi-Civita connection of (M, g); it is 
well-known that V 5 is a Clifford connection in the sensé discussed above 7 . A discussion of 
this and other properties of V 5 in index language (which also serves to fix our conventions 
and leads to another dérivation of certain identifies extracted in this paper) can be found 
in Appendix A. Equation (5.34) is compatible with the fact that V m is a dérivation of the 
Kàhler-Atiyah algebra (fl^(M),o) — a property which can be checked by direct computation 
using the fact that V m is an even dérivation of the exterior algebra which is compatible with 
the metric. Similarly, we consider the connection D ad induced by D on End(<S): 

D^(T) d =D m oT-ToD m , VT G T(M, End(S')) . 

Notation. We let K(D) = nf n=1 IC(D m ) C T(M,S) be the finite-dimensional K-linear 
subspace of ail generalized Killing pinors with respect to D. 

7 The same is true for any metric but torsion-full connection. 
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The dequantized connection. In the following, we consider only the case when the Schur 
algebra is isomorphic with the base field. Then any connection D on S can be written as: 

D m = V s rn + A m = V s m + 1 (Â m ) , (5.35) 

where: 

Â m = 1 ~ 1 (A m )eQl(M) 

are inhomogeneous differential forms on M. The Clifford connection property (5.34) of V s 
implies: 

Z^ d o 7 = 7 o£tf <=► P ey oD^ = r'oD^ <=► [2? m , 7 H]- >0 = 7p» , Va; G Q K (M) , 

(5.36) 

where the dérivation (which we shall call the adjoint dequantized connection) of the 
Kàhler-Atiyah algebra (î1k(M),o) is defined through: 

î)^uj à =V m u + [Â m ,uj}. t<> , \/ueQ K (M) . (5.37) 

Since V m v = and Â m G Œ£(M), we have [i m , ^(M)]_, C fi£(M) and £>^(^(M)) C 
fi^(M). Composing équation (5.36) with 7 _1 from both sides gives the following relation 
which will be used below: 

Dt ° 7" 1 = 7' 1 o . (5.38) 

To arrive at (5.38), we noticed that o 7 - 1 (End K (S)) = D^(Ql(M)) C H£(M) implies 
P e7 o l)^ 1 o 7 _1 = _D^ d o 7" 1 , which in turn implies (5.38) upon using the équation P €i o ° 
7 _1 = 7 _1 o Z}^ 1 , which follows upon composing the last equality in (5.36) with 7 _1 from the 
right and using the property 7 o 7 _1 = idE n d K (s)- Note that A m can be combined into the 
object: 

A = e m ®A m eQ 1 K (M)® c ~(M,K)ttl{M) , 
while can be combined into the map: 

D ad = e m ® = V + e m ® (i m ) ad : Q K (M) — > Q^(M) ® c -(m,k) H k (M) , 

where: 

(À m ) a V) := [An,^-,, 

and we used e m ® V m = V. 
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Flatness of the Fierz isomorphism. For the remainder of this paper, we shall assume 
that D is compatible with Sè in the usual sensé that SS is D-flat: 

d#(e,o = ®m,o+m,DC) & d m mx) = ^(£u,o+^(£,a»o , e t(m,s). 

(5.39) 

In this case, the K-linear subspace JC(D) C T(M, 5) is £$-ûat, so it defines a flat bipinor 
K-algebra /C(L>) <8>c°°(m,ik) C T(M, S ® S). Furthermore, the isomorphism p : S ^> S* 

satisfies D* m o p = p o D m (where D* m is the dual connection) while the natural isomorphism 
q : S (g) S* 4 End(S) satisfies o g = g o (£> m <g> id 5 + id 5 <g> 1?^). It follows that the 
isomorphism E = q o (ids ® p) satisfies 8 : 

D^ l of? = J E?o(D m (8)ids + ids(8)D m ) . (5.40) 

In particular, we have: 

E(K(D) ® c °°{m,K) £(£>)) C IC(D ad ) , (5.41) 
where we have introduced the following K-subalgebra of (T(M, End(S')), o): 

On the other hand, 7 _1 satisfies (5.38). Together with (5.40), this implies that the Fierz 
isomorphism E satisfies: 

o È = Ë o (D m ® id 5 + id 5 (g) D m ) . (5.42) 

Therefore, we find: 

D^Ë^ = Ë Dm ^ + Ë^ , Ve,e'er(M,5) . (5.43) 

The K-algebra of generalized Killing forms. We define the K-algebra of generalized 
Killing forms to be the following K-subalgebra of (ÇÏ^(M),o): 

t D =■ JC(D* d ) n œ K (M) = 7 - 1 (/c(D ad )) . 

The éléments of JC D zd will be called generalized Killing forms. Relation (5.41) implies that 
the flat Fierz K-algebra: 

1C(D) d ^ É(1C(D) ® C oc (MjK) £(£>)) 

defined by the ^-flat subspace K.{D) C T(M, 5) is a subalgebra of the K-algebra of general- 
ized Killing forms: 

t{D) C t D . (5.44) 

In particular, we have: 

D£Èw = , Va'G^(D) . (5.45) 
8 Note that D m (g) idg + ids <8> -Dm is the connection induced by D m on S (g) S. 
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Behavior under t@. Spin(<i)-invariance of SS implies that SB is flat with respect to the 
connection V 5 : 

d&{U') = ^(V s Ç,0 + m,V s O d m ^,a = VC,r G T(M,S) , 

(5.46) 

which is easily seen to imply the property: 

[(V*) ad (T)]Mv*) ad (T') , VTer(M,End(5)) . 

Together with the assumption (5.39), identity (5.46) implies that A m are i^-antisymmetric 
endomorphisms of S: 



1* 



-A m ^&(A m t,t , ) = -&(Ç,A m Ç') , V£,£'er(M,S) . 
In turn, thèse properties imply the relation LA m ,T]l j0 = [A m , T*]_ j0 , so satisfies: 

£#(7*) = (l#(T))' , VTer(M,End(5)) <=► ^ o ()« = ()* o . (5.47) 
Setting T = 7(0») and applying 7" 1 to both sides gives: 

Ô£(7*M) = r^(^H) , Vu; G fli(M) <=► D* or âs = T 3s o D% . (5.48) 
In particular, the IK-algebra of generalized Killing forms is invariant under r^: 

Tsg(1C D ) = JC D , 

a property which (by virtue of (5.17)) it shares with the flat Fierz K-algebra JC(D): 

r m {t{D)) = iC{D) . 

Together with (5.16), identity (5.48) implies that Z) ad -flatness of È^> and Z) ad -flatness of 
Èçi^ are équivalent statements, so that it suflices to require only one of the two. 

5.8 Alternate form of the differential constraints 

Consider the following local expansion, which results by applying (5.20) to [T, E^/]- i0 , where 
T G T(M, End(S)): 

[ T '%']-.-4îE^(^''- % [T,%']-,)7«,.a t , VT G T(M, End(S')) , V£, £' G T(M, S) . 

(5.49) 
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An easy computation using cyclicity of tr and identity (5.19) gives: 

tr(7 a fc ... ai Q lT,E^]-, ) = -m[T,l ak - ai ]-,o^Û , 
so that (5.49) becomes: 

[T,^]_, = -^ T ^i^([r, 7 a -^]_ i0 ç,ç')7a 1 ...a fc , vrer(M,End(5)) , vç,ç'er(M,s) . 

2L2j k=0 

(5.50) 

Setting T = A m = 7(A m ) in (5.50) and applying the morphism 7 _1 to both sides gives: 

d 

[Â m ,È^U = -£-#([4„,7^" 0l ]-,oÉ,Oe^ ■ (5-51) 

fc=0 

Using this identity in the définition (5.37) of D^f gives: 

d 

k=0 

Consider now relation (5.43), written in terms of E^r. 

D*Èw = È Dm w + Èt tDme , VÇ,eeT(M,S) . 

Substituting (5.52) in the left hand side, this becomes: 

d 

V m È u , = È DmU , + È VDmî , + Y, [A», l ai ...a k }-XK'" ak ■ (5-53) 

k=0 

Separating ranks, we conclude that équation (5.43) is équivalent with the following System 
of identifies: 

V m È ai „ Mk (Ç,Ç') = È ai ... ak (D m Ç,Ç')+È a ^ , Vfc = 0...d, 

(5.54) 

where G T(M, S) are arbitrary. In particular, we have: 

V m é 0l ... afc (e,0 = ^,[A n ,7«i...« fc ]-,oO , Vfc = 0...d, V£,£'e/C(L>) , ( 5 .55) 
which agrées with équation (B.5) (see appendix B.2). 
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5.9 The K-algebra of constrained generalized Killing forms 

As before, we consider the case % = 1 of the CGK équations: 

DÇ = QÇ = , with D = V S + A , A = àx rn ® A m . (5.56) 

Let )C(D,Q) = 1C(D) H JC(Q) dénote the (finite-dimensional) K-linear subspace of F(M,S) 
consisting of ail solutions to (5.56). We define the K-algebra of constrained generalized Killing 
(CGK) forms determined by D and Q to be the following K-subalgebra of (f2^(M),o): 

def. v>- r~s 
i^D,Q = II A^Q . 

In gênerai, )Cd,q is a non-unital K-algebra. The discussion of the previous subsections shows 
that the flat Fierz K-algebra determined by the e^-flat subspace JC(D, Q) C T(M, S): 

£(£>, Q) d = È(JC(D, Q) ® C oc (Mi k) £(£>, Q)) (5.57) 

is a subalgebra of the K-algebra of CGK forms: 

£(D,Q) C/C AQ . (5.58) 

This property of the Fierz isomorphism dépends essentially on the assumption that SS is 
D-flat (an assumption which is satisfied in the application discussed in Section 6). 

Expression for a basis of solutions of the CGK pinor équations. Let s = dmiR /C(.D, Q) 
dénote the K-dimension of the space of solutions to the CGK équations. Choosing a basis 
(&)i=i...s of such solutions, we set: 

2L2J 

where (cf. équation (5.27)): 

k=0 

and 

Since & form a basis of the K-vector space IC(D, Q)®c°°(M,K)fc(D, Q), the inhomogeneous 
differential forms form a basis of the K-vector space JC(D,Q). Inclusion (5.58) amounts 
to the following System of équations for the inhomogeneous differential forms Eif 

D^É ij = QoÉ ij = È ij OT âg (Q) = , Vi,j = l...s . (5.59) 
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Thèse can also be written as: 



D^É ij = QoÉ ij = , Vi,j = l...s 



(5.60) 



upon applying t@ to the last équation in (5.59) and using the relation Tag(Ëij) = eagËji (cf. 
(5.16)). The inhomogeneous differential forms E^ also satisfy the Fierz identifies: 



Eij o E H = âS kj E u , Vi, j, k, l = 1 . . . s , 



(5.61) 



where we defined the following constants: 




dcf. 



The algebro-differential System consisting of (5.60) and (5.61) can be taken as the basis for 
extending the classical theory of Killing forms, a subject which is of mathematical interest 
in its own right. It provides a synthetic géométrie description of the essential conditions 
imposed by having a fixed number of unbroken supersymmetries in a flux compactification, 
formulated in the language of géométrie algebra. When expanding the géométrie product into 
generalized products using (3.17), the innocently-looking équations (5.60) and (5.61) take on 
a form which may seem rather formidable when s is sufficiently large (see Section 6 for an 
example). Of course, the language of géométrie algebra allows one to study such Systems 
starting directly from the synthetic expressions (5.60), (5.61), which shows that the problem 
of characterizing the solutions of such équations belongs most properly to the intersection 
between Kàhler-Cartan theory [16] and the theory of noncommutative associative algebras 
- a point of view on flux compactifications, which, in our opinion, could lead to a deeper 
understanding of various problems pertaining to that subject. 

5.10 A particular case: when K — R and SS is a scalar product. 

Consider the particular case when K = R and 98 is symmetric (thus <7a$ = +1) and positive- 
definite with ea§ = +1 (this happens, for example, in the application considered in Section 
6). In this case, we can choose £i, . . . , £ s such that âêij = ôij. Then relations (5.61) show that 
the K-algebra JC(D,Q) is isomorphic with the algebra Mat(s,R) of square real matrices of 
dimension s, the unit being given by C A = ^2l =1 Éa. An isomorphism to Mat(s,R) is given 
by Eij — > e^, where G Mat(s,R) is the matrix whose only non-vanishing entry equals 1 
and is found on the i-th row and j-th column: 



(eij) kl — àikàjl ■ 
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We have C" 02 = C, CoÈ^ = Ë^oC = È ij: Èf = Ë ih Ë*j = for % ^ j. Since È^oË^ = Ë ih 
the K-algebra K,(D,Q) is generated by the éléments (Ê^)^-, with the relations: 

Èij oÉ M = , Mi ^ j, j ^ k, k ^ l , 
Ey o Ejk = E ik , Vi,j,k distinct , 
Èij o Éji o È ik = É ik , Vi ^ j and i ^ k , 
Èij o È jk o È kj = Èij , Mi± j and j ^ k . 

This System of generators and relations can be reduced further (see the example below) upon 
using the identity Eji = r(Èij), where we used the fact that aag = +1 and we noticed that 
t ss = t (since e m = +1). 

The case of one CGK pinor. When s = 1 (a single unit norm solution £ of the CGK pinor 
équations, which is is unique up to sign), the fiât Fierz K-algebra JC(D,Q) has dimension one, 
being isomorphic with R as a unital M-algebra. It is generated by the single basis élément 
E = (which is the unit of JC(D,Q)), with the relation: 

ËoË = Ë . (5.62) 

The condition t(E) = E implies that certain rank components of E vanish identically. This 
situation occurs in the example considered in Section 6, though in that case we prefer to take 
the squared norm <£^(£, £) of £ to equal 2, for ease of comparison with the results of [3]. This 
produces an extra factor of two in the right hand side of (5.62). 

The case of two CGK pinors. When s = 2, the flat Fierz K-algebra K.(D, Q) is generated 
by E\2 and E21 with the relations: 

È» = È» = , (5.63) 
E12 o E 2 \ o E12 — E12 = E 2 \ o E12 o E 2 \ — E 2 i = . (5.64) 

We have È u = É 12 o É 2 i, È 2 2 = È 2 \ o È 12 and C = É ±1 + È 2 2 = É 12 o Ë 2 \ + Ë 2 \ o É 12 . Since 
E21 = t(Ei 2 ), we can in fact generate the entire algebra from E\ 2 up to applying r. Using 
the fact that the first and second équation in (5.63) as well as the first and second équation 
in (5.64) are related through reversion, we find that the entire System is équivalent with the 
following Fierz relations: 

-È'rf — j È\i o t(È 12 ) o E12 = E 12 , 
together with the following Q- and D-constraints: 

QoÈ 12 = È 12 ot(Q)=0 , D^È 12 = . 
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Remark. The algebra Mat (2, M) ~ Cl(2, 0) is also generated by two real Pauli matrices, 
for example by: 



0"! 



1 

1 



e 12 + e 2 i , cr 3 



1 
-1 



en - e 22 , 



subject to the relations a\ — a\ — 1 and (71(73 + <7 3 <7i = 0. Therefore, the fiât Fierz K-algebra 
IC(D,Q) is also generated by the inhomogeneous differential forms: 



Si — E12 + E21 , S 3 — i?n — i? 22 , 



subject to the relations: 

Ëf - Èf = , Si o È 3 + È 3 o Si = , 

S~o3 v v°3 V 1 

1 — M i ^3 — ^3 • 

Noticing that Si o Ë 3 = Ë 21 - Ë 12 , we have C = Ë n + Ë 22 = Èf = Ef and 

È 11 = ±(C + È 3 ) , Èz2 = ±(C-È 3 ) , 

É 12 = ^(t 1 -t 1 ot 3 ) , È21 = i(à 1 + à 1 oà 3 ) . 



6. An example 

In this section, we illustrate the methods developed in the présent paper by applying them to 
the well-known case of N — 1 warped compactifications of eleven-dimensional supergravity on 
eight-manifolds down to an AdS3 space, a situation which was studied through direct methods 
in [3]. After some basic préparations in Subsection 6.1, Subsection 6.2 gives our translation of 
the generalized Killing pinor équations into a System of algebraic and differential constraints 
on inhomogeneous forms defined on the compactification space and shows how our approach 
allows one to recover the results of [3]. 



6.1 Préparations 

Consider eleven dimensional supergravity on an 11-manifold M with Lorentzian metric g (of 
'mostly plus' signature). Besides the metric, the action contains the three-form potential 
with four-form field strength G G f2 4 (M) and the gravitino \&m, which is a real pinor of spin 
3/2. We assume that (M, g) is spinnable. For supersymmetric bosonic backgrounds, both 
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the gravitino VEV and its supersymmetry variation must vanish, which requires that there 
exists at least one solution fj to the équation: 

ô^ M d =V M fi = , (6.1) 

where uppercase indices run from to 10 and T>m is the super covariant connection: 

i>M d = Vff - — [GnpqrÏ NPQR m - &G M npqÎ NPQ ^J ■ 

Here, 7 M are the gamma matrices of Cl(10, 1) in that 32-dimensional real (Majorana) irre- 
ducible représentation for which t^ 12 ) d =' 7 1 . . . 7 11 = +1 and 

vff = 8m + ^^MA f p7 JVP 

is the connection on the pin bundle S induced by the Levi-Civita connection of (M, g). The 
eleven-dimensional supersymmetry generator fj (which is a Majorana pinor field of spin 1/2) 
is a smooth section of the pin bundle S, which is a real vector bundle of rank 32 defined on 
M. 

As in [3], we consider compactification down to an AdS 3 space of cosmological constant 
A = —8k 2 , where k is a positive real parameter — this includes the Minkowski case as the 
limit k — > 0. Thus M = N x M, where N is an oriented 3-manifold diffeomorphic with 
M 3 and carrying the AdS3 metric while M is an oriented Riemannian eight-manifold whose 
metric we dénote by g. The metric on M is a warped product: 

ds 2 u = e 2A ds 2 n where ds 2 n = ds 2 3 + g mn dx m dx n . (6.2) 

Here, the warp factor A is a smooth function defined on M while ds 2 is the squared length 
élément on N. For the field strength G, we use the ansatz: 

G = e 3A G with G = vol 3 A/ + F , 

where / = f m e m G fi 1 (M), F = ±F mnpq e mnpq G fi 4 (M) and vol 3 is the volume form of N. 
Small Latin indices from the middle of the alphabet run from 1 to 8 and correspond to a 
choice of frame on M. For 77, we use the ansatz: 

A 

î] = e'^r] with 77 = i\) <g) £ , 

where £ is a Majorana pinor of spin 1/2 (a.k.a. a real pinor) on the internai space M and 
tp is a Majorana pinor on the AdS 3 space N. Mathematically, £ is a section of the pinor 
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bundle of M, which is a real vector bundle of rank 16 defined on M, carrying a fiberwise 
représentation of the Clifford algebra Cl(8, 0). Since p — q = 8 for p = 8 and q = 0, 
this corresponds to the simple normal case of Section 4. In particular, the corresponding 
morphism 7 : (AT* M, o) — > (End(5'),o) of bundles of algebras is an isomorphism, i.e. it 
is bijective on the fibers. We set 7 m = r y(e m ) and 7^ := 7 1 . . . 7 8 for some local frame of 
M. In dimension eight with Euclidean signature, there exists an admissible [29] (and thus 
Spin(8)-invariant) bilinear pairing 3? on the pin bundle S which is a scalar product (i.e., it 
is fiberwise symmetric and positive-definite). 

Assuming that ip is a Killing pinor on the AdS3 space, the supersymmetry condition (6.1) 
décomposes into a System consisting of a differential équation and an algebraic constraint for 

DU = , Q£ = , (6.3) 

where D m is a linear connection on S and Q G T(M, End («S)) is a globally-defined endomor- 
phism of the vector bundle S. As in [3,4], we do not require that £ has definite chirality 
(that is, £ need not satisfy the Weyl condition). The space of solutions of (6.3) is a finite- 
dimensional M-linear subspace JC(D, Q) of the space T(M, S) of smooth sections of S. Of 
course, this subspace is trivial for generic metrics g and fluxes F and / on M, since the 
generic compactification of the type we consider breaks ail supersymmetry. The interesting 
problem is to find those metrics and fluxes on M for which some fixed amount of super- 
symmetry is preserved in three dimensions, i.e. for which the space JC(D, Q) has some given 
non-vanishing dimension, which we dénote by s. The case s = 1 (which corresponds to N — 1 
supersymmetry in three dimensions) was studied in [3, 4] and will be re-considered below. 
Direct computation using the compactification ansatz gives the following expressions for D 
and Q (which are équivalent with those derived in référence [3] — see the note below for ease 
of comparison): 

D m = V s m + A m , A m = ^/ p7m p 7 (9) + Y/m Pq rl pqr + «W 9) (6-4) 

and 111 

Q = - 7 m <9 m A - —F mpqrl mpqr ~ g/ P 7 P 7 (9) - *7 (9) , (6.5) 

where 7*- 9 - 1 = 7 1 . . . 7 8 . Notice that the last terms in (6.4) and (6.5) dépend on the cosmological 
constant of the AdS3 space — and that they vanish in the Minkowski limit k — > 0. 

Given some desired amount of supersymmetry which we want to be preserved in three 
dimensions (i.e. given some desired dimensionality s of the space of solutions to (6.3)), the 
gênerai aim is to reformulate the (6.3) as équations on differential forms -Émj... m( . (£,£') d = 
<^(£j lm l ...m k i') constructed as bilinear combinations of pinors which satisfy (6.3). The 
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~ (k) i ~ (k) n \ 

pinor bilinears Eçç, = -gE mi m ^')e 0l " -0m G f2 ( ^(M) will be constrained by Fierz iden- 

- (fc) 

tities. The translation to équations on the differential forms Eç ç, can be achieved di- 
rectly by starting from the following équivalent reformulation of the algebraic constraints 
Q£ = Q? = 0: 

{Q'im^.mu ± lmi...m k Q) = 

and treating the differential constraints D m Ç, = D m £' = through the method outlined in [3] . 
The theoretical basis of that approach is explained in détail in Appendix B, where we also 
show how that method is équivalent with the more gênerai approach which we have developed 
in the présent paper. In the next Subsection, we shall illustrate our approach in the simplest 
case s — 1 (N — 1 supersymmetry in three dimensions, see [3]), so we will require that (6.3) 
admits one non-trivial solution £. 

Remark. For easy comparison with [3], we note that loc. cit. uses a redundant parame- 
terization of the degrees of freedom described by £, which is given by the following sections 
of S: 

£ ±d = ^(É + ±£-) ' (6-6) 

which satisfy r )^e ± = e T . Here, £± = V±Ç are the positive and négative chirality components 
of f , with V± à = |(1 ± 7 {9) ). We have £ = + and 7 ( 9 ^ = - with 7^ = ±£±. 
The operators V± are complementary ^-orthoprojectors: 

Vl = V± , V±V T = , V + + V- = 1 , (V±Y = V± . (6.7) 

In particular, one has: 

E+ = & • £ " = 7=2^ • (6 ' 8) 

so e + and s~ = 7 ( 9 ^ + are not independent. For reader's convenience, we note the identifies: 

V eil ai - ak V t2 = ^ m^1 ai - ak U) = , when e 1 e 2 = (-l) k+1 , 
V eil ai - ak V e2 =V eil a - ak =^^(6 1 ,7 Ol - Ofc e e2 ) = ^,^i7 Ol -° fc , when Cl e 2 = (-l) fc , 

where ei, e 2 G { — 1, +1} and V±\ A = V±, £±1 d = £±. Also notice the relation: 

. fc(fe-i) 

^ ai ...a k y _ " 2 ' ^ai...a k 

which shows that ^ ai - a k i s «^-symmetric for k — 0, 1,4,5,8 and ^-antisymmetric for k = 
2, 3, 6, 7. In particular, we have that 7^ is ^-symmetric. 
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6.2 The case of N = 1 supersymmetry in 3 dimensions 



Let us consider the CGK pinor équations (6.3) on the Riemannian 8-manifold (M, g), assum- 
ing that the space of solutions has dimension s = 1 over KL As in Section 5, we consider the 
inhomogeneous differential form: 

k=0 

defined by a non-trivial solution £ of (6.3). Here: 

È {k) = ySB(^ l mi ... mk Oe mi A ... A e m " G fi fc (M) . 

- (2) 

Since SB is a fiberwise scalar product and since (7™)' = 7 m , one easily checks that E = 
£J (3) = = = 0. Following the notations used in [3], we define: 

a^\É {0) = l -SB{^) en%M) , 

K d â-±È (1) en 1 (M) , 

y = -È (4) ett\M) , (6.9) 
Z d â-±È {5) eQ 5 (M) , 
W d = ^È {8) = bu e n 8 (M) 

where we have set: 

b d = \m, 7(9)0 = sinC , 
with ( a smooth real-valued function defined on M. With thèse notations, we have: 

É = -^[a + K + Y + Z+(smÇ) u] . 

Note that we used the five-form Z instead of its sign-reversed ordinary Hodge dual <f> d = 
— * Z, which was used in [3]. We prefer to work with £ = rather than £± and 

e ± d = -j=(Ç + ±£ i _) which were used in loc. cit. Ail in ail, we have the following correspondence 
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with the notations and conventions of [3]: 

£± = P±£ , where V± = ^(l±^ 9) ) , 
e + = -U , €- = ^ 7 (9) e , 

Ymnpr £ 'fmnpr^ 2 (£+7rraipr'£+ "I - £— 7m.npr£— ) Irnnpr^ ■ 

If we normalize £ through the condition: 

then the results of Section 5 show that the flat Fierz R-algebra K{D,Q) is isomorphic with 
the R-algebra Mat(l,R) « R and that it admits a basis consisting of the single élément Ë, 
subject to the quadratic relation: 

ËoË = 2Ë , (6.10) 

which encodes the Fierz identifies between the form bilinears constructed from £. 
The dequantizations of A m and Q are given by: 

- def 1 1 

A m = 1~\A m ) = -e m jF + -((e m )# A /) o v + « e m o i/ , 

Q d â f - 7 " 1 (Q) = idA -lfou-—F- K u . 
^ ' 2 6 12 

As shown in Section 5, the CGK pinor équations imply the following conditions for the 
generator E: 

QoË = , (6.11) 
V m £ = -[i m , £]_,<> . (6.12) 

In turn, relations (6.12) imply: 

dË = -e m A[Â m ,Ë}_^ . (6.13) 
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Expanding (6.11) into rank components gives the following conditions, which are équivalent 
with the 'useful relations' discussed in Appendix C of [3]: 



— -LpY + l^aK — 2/t sin £ = 

6 3 
dA A K - A 3 Y + h f * Z = 

~i f *Y + 2k *Z + \i r F + idA-^F A 3 Z = 
3 6 6 

1 1 - sin^ 1 

-Y A 2 F - 2k *Y + -fA*Z i * F + L dA Z - -F = 

6 3 6 6 

— F A K + dA A Y + -F A 2 Z - -f A *F = 
6 6 3 

- 1 1 
dA A Z + -L f * K + -F Ai Y = 

o 

-- * / + 2k * K + -F Ai Z + sinC * (dA) = 
3 6 

2k z/ - -/ A *K + -y A F = 
3 6 

Similarly, the rank expansion of (6.12) gives: 

V m sinC = 2k e rn# jK - ^ Êm#J F * Z , 

V m K = -2 sin C e m# - ^ 6m# A/ * Z + ^L ( , emF) Y , 

1 



V m y = 2/t e m# A *Z + -(e m# A /) Ai *y + -K A i e mF + -(t e ™F) A 2 Z 



(6.14) 



(6.15) 



-K A L e mF + -( 

2 2 

_ 11 1 sinC 

V m Z = -2k e m# A *y - -t c A/ * X + -(e m# A /) A *Z - -(i e mF) Ai y + — ^ * (t em F) , 



1 



1 



1 * ((t e mF) Ai y) + — t e »F , 



V m (*Z) = 2/t e m# jy - -e m# A f A K + -L Cm#Af ^ . 
which in turn imply the following constraints representing the rank components of (6.13): 



d sin C = 2/t K + ^*zF , 

dK = -^FA 3 Y + L f *Z , 
dy = F A 2 Z - 2f A *Y - 2F A K , 
dZ = ^-F Ai y + 3i f * K , 
d * Z = 2 sin (F + 8/t y - *(Y A 2 F) - 2i f Z . 



(6.16) 
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Finally, the rank components of (6.10) give the Fierz identities: 

\\K\\ 2 + \\Y\\ 2 + ||Z|| 2 + sinC 2 = 15 , (6.17) 

l y Z = 7K , (6.18) 

-Y A 2 Y - Z A 3 Z + 2l r Z + 2sin( *Y = UY , (6.19) 

-Y A 2 Z + K A Y = 7Z , (6.20) 

Y A Y + Z Ai Z = 14 sin ( v . (6.21) 

Using (6.14), (6.16) and (6.17) — (6.21), one can recover the results of [3], some of which we 
list below: 

\\K\\ 2 = 1 , where K d = (cosQ^K , (6.22) 

\\*Z\\ 2 = 7 , where Z d = (cos (y 1 Z , (6.23) 

l k (*Z) = , (6.24) 

Y = l k Z - (*Z) A K sin C , (6.25) 

d{e 3A K) = , (6.26) 

K A d(e 6A L K Z) = , (6.27) 

e 6A d(e- 6A * Z) = - * F + F sin C - 4k Y , (6.28) 

e~ 3A d(e 3A sin Ç) = f - 4k K . (6.29) 

The first four of thèse conditions follow from the Fierz identities (6.17) - (6.21), while the 
last four can be obtained using (6.14) and (6.16). We now give more détail on the dérivation 
of (6.24) - (6.29). In the computations below, we will make use of the identities (see the 
previous sections): 

*u = t(lu) O V = l w V , * *UJ = 7r(u}) , Wu G fl(M) 

as well as of the following identities (see [13]), which hold for homogeneous forms tu G il r (M) 
and ï] G tt s (M): 

uj A *rj — (— l) 7 "^" 1 ) * l t ( w )7] , when r < s , 

L^n) = {-l) rs * (r(w) AT]) , when r + s<d . (6.30) 

Proof of relation (6.24). The second relation in (6.30) gives lk{*Z) = —*(KAZ), where 
K A Z = cqs 1 2 ^ K A Z is a six-form which must be a spinor bilinear constructed from £ since 
K and Z are bilinears in £ and since the Fierz identities allow us to reduce K A Z to a spinor 
bilinear. This shows that we must have K A Z = since there is no nontrivial 6-form which 
can be constructed as a spinor bilinear in our case. This proves relation (6.24). 
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Proof of relation (6.25). We have l k (*Z) = by (6.24), so *Z _L K and thus Z \\ K 
(see Section 3). Since Z is a 5-form bilinear and Z — Z\\ we must have Z = K A wf, where 
G fi 4 (M) is some four-form which is orthogonal to K. We can décompose the four-form 
Y defined in (6.9) into parts perpendicular and parallel to K as Y = Y ± + YK It is easy to 
see that must be proportional to Y- 1 , i.e. uj; = cY- 1 , where c is a smooth real-valued 
function defined on M. We therefore have Z = cK A Y L . Given the only nontrivial form 
bilinears in £ that can be constructed in this case, we can write the most gênerai expression 
for Y starting from the décomposition into parallel and perpendicular parts: 

Y\\=KAu 3 , Y ± = t R oo 5 , 

where U3 is some three-form bilinear and 005 is some five-form bilinear constructed from £. 
The most gênerai expressions for thèse forms are W3 = at^W = a sin ( K A *Z and W5 = (3Z, 
where a and (3 are some smooth real-valued functions defined on M. Thus, the most gênerai 
expression for Y is: 

Y — ai^Z + (3K A *Z sin C = cos 2 Ç(a i K Z + f3 K A *Z sin C) . 

Since l^Z = l^(cK A Y 1 ) = c\ \K\ ^Y- 1 , we have Y 1 - = — L^ ^Z, wherefrom a = ^rpïïp • 
Using the Fierz identities, one can show that c = 1, ||-^|| 2 = cos 2 ( and /3 — a — cos \ ^ , thus 
finishing the proof of relation (6.25). 

Proof of relation (6.26). The third algebraic constraint listed in (6.14): 

dA A K - \f A 3 Y + \if * Z = 3 dA AK — -F A 3 Y — if * Z , 

Do ^ 

and the second differential constraint listed in (6.16): 

àK = --F A 3 Y + i f * Z 
2 1 

imply the relation: 

3dAAiT + di? = 0^di? = 3i?AdA , (6.31) 
which is easily seen to be équivalent with (6.26). 

Proof of relation (6.27). Using (6.25), relation (6.27) can be written in the équivalent 
form: 

K A [6 dA A Y + dY - sm((*Z) A dK)} = , 
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where we used K A K = 0. Relation (6.31) together with K A K = imply K A (sin Ç(*Z) A 
dif) = 0, so (6.27) reduces to: 

K A (6 dA A Y + dY) = . (6.32) 
To prove (6.32), notice that the sixth algebraic constraint listed in (6.14): 

6 dA AY = F A K — F A 2 Z + 2f A *Y 
and the third differential constraint listed in (6.16): 

dY = -2F AK + F A 2 Z-2f A *Y , 

give: 

6 dA A Y + dY = -F AK , 
which in turn implies (6.32) upon using the identity K A K = 0. 

Proof of relation (6.28). Relation (6.28) is obviously équivalent with: 

-6 dA A (*Z) + d(*Z) = -*F + FsinC-4/ty . (6.33) 

To prove (6.33), notice that Hodge dualizing the fifth algebraic relation listed in (6.14) and 
multiplying it with 6 gives: 

*(Y A 2 F) - 12k Y + 2 * (/ A *Z) - FsinC + 6 * (i dA Z) - *F = . 

which is équivalent with: 

-6 dAA*Z = -*F - FsinC-UnY + *{Y A 2 F) + 2i f Z . (6.34) 

upon using identities (6.30), which imply: 

*(/ a*Z) = *L f Z , * {laaZ) = dA A *Z . 

On the other hand, the fifth differential relation listed in (6.16) gives: 

d*Z = 2FsinC + 8/tr-*(y A 2 F)-2i f Z . 

Adding (6.34) and (6.35) gives (6.33). This finishes the proof of (6.28). 
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Proof of relation (6.29). Relation (6.29) is obviously équivalent with: 

3(sinC)dA + dsinC = /-4k K . (6.35) 

To prove (6.35), notice that the Hodge dual of the eighth algebraic constraint listed in (6.14) 
(after multiplication by 3) gives: 

3(sinC)dA = /-6/t^-i*(FAiZ) . (6.36) 

On the other hand, the first differential constraint listed in (6.16) gives: 

dsinC = 2k K + - * (F Ai Z) , (6.37) 

where we noticed that: 

i.zF = *(FA 1 Z) . 
Adding (6.36) and (6.37) gives (6.35), which finishes the proof of relation (6.29). 

7. Conclusions and further directions 

We showed that géométrie algebra techniques can be used to give a highly synthetic, con- 
ceptually transparent and computationally efficient re-formulation of the constrained Killing 
pinor équations, which constitute the condition that a flux background préserves a given 
amount of supersymmetry. This formulation clearly displays the algebraic and differential 
structure governing the supersymmetry conditions, leading to a description which opens the 
way for unified studies of flux backgrounds aimed at uncovering their deeper structure. We 
showed that our gênerai formalism recovers, in a particular case, results and methods which 
were used in [3] and therefore that it provides a powerful way to extend them. Our for- 
mulation is highly amenable to implementation in various symbolic computational packages 
specialized in tensor algebra, and we touched on two particular implementations which we 
have carried out using Ricci [33] and Mathematica® as well as Cadabra [34]. 

We illustrated our approach for the well-known case of the most gênerai compactifications 
of M-theory which préserve N=l supersymmetry in three dimensions [3,4], showing how the 
results derived through différent methods in loc. cit. can be recovered through our techniques. 
Further applications of our approach are considered in fortheoming publications. We stress 
that the methods introduced in this paper have much wider applicability than the example 
considered in Section 6, leading to promising new directions in the study of supergravity 
backgrounds and supergravity actions. In particular, we believe that many computationally 
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difficult issues in the subject could be understood much better by using such techniques. 
The connection with a certain form of géométrie quantization (which we have only touched 
upon) also leads to interesting ideas, problems and directions for further research, which are 
currently under investigation. 

Acknowledgments 

This work was supported by the CNCS projects PN-II-RU-TE, contract number 77/2010, 
and PN-II-ID-PCE, contract numbers 50/2011 and 121/2011. C.I.L thanks the Center for 
Geometry and Physics, Institute for Basic Science and Pohang University of Science and 
Technology (POSTECH), Korea and especially Jae-Suk Park for providing excellent con- 
ditions at various stages during the préparation of this work, through the research visitor 
program affiliated with Grant No. CA1205-1. The Center for Geometry and Physics is 
supported by the Government of Korea through the Research Center Program of IBS (Insti- 
tute for Basic Science). He also thanks Perimeter Institute for hospitality and for providing 
an excellent and stimulating research environment during the last stages of the préparation 
of this paper. Research at Perimeter Institute is supported by the Government of Canada 
through Industry Canada and by the Province of Ontario through the Ministry of Economie 
Development and Innovation. C.I.L. thanks Lilia Anguelova for interest and for stimulating 
discussions as well as for critical input during the final stages of this project. 

A. Identities satisfied by the covariant derivative of pinors 

Let (M, g) be a pseudo-Riemannian manifold endowed with a local coordinate System (x m ) 
and a local pseudo-orthonormal frame (e a ) (vielbein) of (TM, g), both defined above an open 
set U C M. In this Appendix, both m and a run from 1 to dimM. As usual, pseudo- 
orthonormality of e a means g{e a ,e b ) = rj ab , where r\ ab is a diagonal matrix ail of whose 
diagonal entries equal +1 or — 1. We let e a dénote the dual coframe of M, defined through 
e a (ef>) — $1'-, it is a local frame of T*M which is pseudo-orthonormal with respect to the metric 
g induced on T*M, i.e. g(e a , e b ) = r] ab where i] ab i] bc = 5". We have d rn A = = e a m [x)e a 
and e a = e™{x)d m for some locally defined functions e^, e™ which satisfy e^e™ = S b and 
e m e ™ = $m- This implies g(e a ,e b ) = e™é%g mn = r) ab and g(d m ,d n ) = e a m e b n r] ah = g mn . Any 
tensor field t G T(TM® P <g> (T*M) m ) of type (p, q) expands as: 

* =u tZ:T q P d mi ® ■ ■ ■ ® d mp ® dx ni (g) ... <g) dx n " = t%;;%e ai ®...®e ap ®e b '®...®e b « , (A. 1) 

where the locally-defined coefficient functions t™i.'.'.^ p and t^'"^ are related through: 

,ai...a p _ ai a p m n q . mi ... mp . ,m\...m v _ m\ m p bi b q ±a-x...a p 

L b l ...b q c mi • • ' c m p c 6i • • • b ni...n q ^ r v m...n q c ai • • ■ c a p c m ■ ■ ■ °n q ly b 1 ...b q • 
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Here and below, indices denoted by letters chosen from the middle of the Latin alphabet 
refer to the coordinate frame defined by (d m ) while indices denoted by letters chosen from 
the beginning of the Latin alphabet refer to the local pseudo-orthonormal frame (vielbein) 
defined by (e a ). 

A differential /c-form u G Vl k (M) expands locally as in (1.1). Similarly, a polyvector field 
a G T(M, A k TM) expands locally as: 

a=u ^a ai - ak (x)e ai A... A e afc , (A.2) 

(with coefficients fonctions which are totally antisymmetric in the indices). 

Let V be the Levi-Civita connection of (M, g). Its Christoffel symbols in the given 
local coordinates are defined through V m (d n ) = T^dp, while its coefficients with respect 
to the given coordinate System and vielbein are determined by the expansion V m (e a ) = 
fl b ma e b . Here and below, we set V m d =' Va m . The two sets of connection coefficients are 
related through: 

The fact that V is torsion-free amounts to the conditions: 

^mn = ^nm ^ ^ ^mab = ~Qmba , (A-3) 

where Q ma b is defined through: 

Qmab d = Vac^mb = Q^a, V m e b ) = -#(V m e a , e h ) . 

With respect to the vielbein, the covariant derivative of a (p, g)-tensor (A.l) takes the form: 
V m t = (V ro 0£ï.' 6 >«i ® • • • ® e a p <E> e bl (g) . . . ® e b * , 

where: 



/ Y7 j.\ai-..%> d _£f- ±ai...a p _ p. ,ai...a p \ r qo s .ai...a s _i,a,a s +i...%> _ V^na ,ai...a p 
\Vm<<)b 1 ...b q — l b 1 ...b q ;m — °m l b 1 ...b q ~^ ^ ma b l- b q / , "mfe t % ,a,b t+] . 



dcf. ; 

t b 1 ...bg;m — °mhi...b q ~ + 

s=l t=l 

For a differential form (1.1), this gives V m 0J = (V m u) bl ,,, bk e bl '" bk , with: 



(V m u;) &1 ... 6fc - uj bl ,„ bk . m - d m u bl ... bk - y^ j Çl a mbs Ub 1 ...b t - U a,b t +i-b k > ( A - 4 ) 
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while for a polyvector field (A. 2), we find V m a = (V m a) ai """ afc e ai A . . . A e 0fc , with: 

k 

{V m a) ai - ak =■ o^" a * = 9 m a 01 - * . (A.5) 

3 = 1 

Let S be a pin bundle over M. Recall that the connection V 5 induced by the Levi-Civita 
connection V takes the form: 

V s m = d m + Û m where Û m = ^n rnabl ab = ^g(e a , V m e b ) 7 af> G F(M, End(S)) ; 

this acts on sections of S in the obvious manner. Here, 7 a G T(M, End(S')) are the gamma 
operators associated with the coframe (e a ), which satisfy: 

We will also use the operators 7a d =' f] a bl b , which satisfy [7 a ,7&] + = 2r] a b. In what follows, 
we recall some basic properties of V 5 . 

Algebraic identities. Let V be a finite-dimensional K-vector space. For X, Y G End(V), 
we set [X,Y] e d = XY + eYX, where e G {-1,+1}, so that [X,Y] +1 =' [X,Y] +i0 is the 
anticommutator of X with F, while [X, d =' [X, Y]- fi is the commutator. We start with 
the following trivial observation: 

Lemma 1 For any A,B,C G Mat(n, K) and any e G {—1, +1}, we have: 

[AB,C] e = A[B,C] e -e[A,C] e B . 



Proposition 1 The following identities hold for ail p 7^ q: 

k 



[yY, 7 ai - afc ]_ = 2 ?7 5a. 7 oi...a.-i 1 p 1 o s+ i...a fc _ ( p ^ g ) ? ( A _g) 

8 = 1 
k 

[Yl q , 7a,..aJ_, = 2 £ ^î^Toi..^-! ^i...»* - (p ^ ?) • (A.7) 



Proof. We prove only the first identity, since it immediately implies the second upon 
lowering indices with 77. Applying the lemma with e = (— 1) , we find: 

[7Y,7 ni -1-,o = 7 p [7 s ,7 ai - a *](-i)*-i + (-l)*[7 p ,7° 1 - afc ](-i)*-i7 s • (A.8) 
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A simple computation (or a mathematical induction argument) gives: 



k 

pa a .a l ...d s ...a k 



[ 7 p ,7 ai - afc ](-i)^=2^(-l) s -V-7 

s=l 

where the hat indicates that the corresponding index is missing. Using this équation and its 
counterpart with p replaced by q in (A. 8) gives: 

k k 
[ 7 P 7 9 ? 7 ai...a fc ]_ q = 2 S£2(_ 1 y-l rj qa,,^a 1 ...â....a k + 3 ^(.-gs"^.^^.^...^ _ ( A _g) 

s=l s=l 

We next use the following identities, which can be checked by mathematical induction 9 : 

s-1 



..a t ...a s ...a k 



ryPryai-àa-ak = ^ _ s- lyii . . .a s _i ,p,a s+ i . . .a k _|_ 2 ^^( — \} t ~ l rf at 'y' p 'y ai - 

t=l 
k 

^a 1 ...â s ...a k ^q _ ^_-^k-s^a 1 ...a s - 1 ,q,a s+1 ...a k _|_ 3 ^_^^-t^ga t ^,g^,ai...â s ...â t ...a fc 

t=s+l 

Inserting thèse in (A. 9) gives: 

fc 

[ 7 îy ; 7 «i-«fc]_ j0 = 2 j»,o. + i...a* — (p g) + T , 

s=l 

where the term T is given by: 

T = A(T 1 -T 2 ) , 

withTi = Ei<t< s <fc(- 1 ) a+ *»7 po '»7 ?0 *7 0l "' â '"' â *'" afc andT 2 = Ei< s <t<fc(- 1 ) s+ V°'»7 po '7 ai "" â "" ât '" 0fc - 
Since T 2 = Ti| p ^ g , we have T = and the first relation (A. 6) is proved. 

Proposition 1 has the following immédiate conséquence, which follows by using the anti- 
symmetry property (A. 3) of flm pq : 

Proposition 2 The following identities hold: 

1 k 

[V£, 7 ai - afc ]_ )0 = i ^ m6c [7 6c ,7 ai - afc ]-,o = - J2^ b l ai - as - lbaa+1 - ak > ( A -!0) 

s=l 

1 fc 

[^m? 7ai...a fc ] _ = -^mbc[l i 7ai...a fc ]-,o = + ^ m0s 7oi...o s _i6o s+ i...o fc • (A-Il) 



s=l 



3 Notice that there is no Einstein summation over p or q. 
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Consider an arbitrary /c-form ou as in (1.1) and an arbitrary polyvector field a as in (A. 2). 
We define endomorphisms of the pin bundle S via: 

7(") = ^ fll ... a j ai '- at , 7(V m o;) = ^(V m w) ai ..^ 7 ai - afc , 
7 (a) = ^o° 1 - a *7.i...a fc , 7(V m a) = ^(V m a) fll - a *7 ai ...a fc • 
Proposition 2 implies the following: 

Proposition 3 V 5 satisfies the following identifies for any differential form ou and any 
polyvector field a: 

K,7(w),]„ i0 =7M , 
[V^, 7 (a),]_ i0 = 7 (V m a) . 

Proof. Follows by using Proposition 3, équations (A. 4) and (A. 5) as well as an obvious 
relabeling of dummy indices. 

Observation. The flrst identity in Proposition 3 is the well-known statement that V 5 is a 
Clifford connection on S in the sensé typically used in spin geometry (see, for example, [32]). 



B. Component approach to pinor bilinears 

In this Appendix, we show that the abstract équations (5.30) and (5.43) are équivalent with 
a set of équations which were found in [3] via component calculations pertaining to the 
particular case considered in loc. cit. 

B.l Alternate form of the algebraic constraints 

Taking linear combinations of (5.29) (equivalently, using the fact that IC(Lq) P[K{R Tm iQ)) — 
JC(Lq + R T£g (Q)) H K,{Lq — R Tm (Q))) shows that the algebraic constraints derived in Section 5 
can also be written in the following form: 

m,(Q t la 1 ...a k ±la 1 ...a k Q)Û=0 ■ 

Thèse équations are équivalent — for the particular case considered there — with a set of 
conditions used in [3]. Starting from équation (2.26) of that référence, let us show that the 
'useful relations' of [3, Appendix C] are équivalent with our algebraic constraints. Recall 
that [3] deals with the case of Majorana pinors £ in eight Euclidean dimensions, a case which 
was also the subject of our application in Section 6. As explained in that Section, we prefer 
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to work directly with £ rather than with the quantities e + = ^£ and e_ = -j^l^i used in 
loc. cit. (which provide a redundant parameterization of £). 

When expressed in terms of £, équation (2.26) of [3] is équivalent with = 0, where 
Q is given in (6.5). Choosing a local frame of S, we can think of Q as a locally-defined 
matrix-valued function and of £ as a column matrix with entries given by locally-defined 
smooth functions. When Q£ = 0, we also have = 0, where: 

Ç* = \(d n A)r + i/ n7 "7 (9) - ^F npqrl npqr ~ *7 (9) • 
The two équations Q£ = and = imply the relations: 

^TQi = , (B.l) 

eQ f n = o , (b.2) 

where T G Mat (16, M) ~ Cl(8,0) is a gênerai Clifford matrix. Using relations (6.8) and the 
fact that 7^ anticommutes with 7 1 ,...,7 8 , it is easy to check that the 'useful relations' 
(C.1)-(C.3) given in Appendix C of [3] take the following form when expressed in terms of £: 

^F pqrs eh pgrs ,T}^- l(d m A)eh m ,T]^+Keh i9) ,T] T ^ - ^w^^ = o , (b.3) 

It is now clear that the first identity in (B.3) is équivalent with the différence (B.1)-(B.2), 
the second is équivalent with the sum (B.1)+(B.2), while the two identities in (B.4) are 
équivalent with (B.l) =p (B.2) where T is replaced by One can easily check that the 

third and fourth identities are not independent, being équivalent with the first two. We 
conclude that the useful relations of [3] are équivalent with the particular incarnation of our 
algebraic constraints for the case considered in loc. cit. 

B.2 Alternate dérivation of the differential constraints 

For simplicity, let us consider only the case K — R. Recall that the pin bundle S of a 
pseudo-Riemannian manifold (M, g) is endowed with admissible bilinear pairings which, 
in particular, satisfy (5.1). 

Since Ùï m = —Ù m , we find that Û m is anti-self- adjoint with respect to the pairing 
which means that the pin covariant derivative V s induced by the Levi-Civita connection of 
(M, g) is compatible with 9ë in the sensé that this pairing is V 5 -flat: 

The deformed pin connection takes the form D rn = + A m = d m + Û m + A m . Since 
A l m = —A m , it follows that A m (and thus also Û m + A m ) is again anti-self-adjoint with 
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respect to the scalar product on S; as a conséquence, the deformed pin connection is also 
compatible with this pairing: 

Replacing £' with TÇ' in the last équation (where T G T(M, End K (5')) is arbitrary) gives: 
d m ^,TO=^(DU,TO + mAD m ,T}^') + ^,TD m O , VÇ^' e T(M, S) , 
which immediately implies: 
Lemma 2 When D m ^ = D m Ç' = 0, we have: 

d m &(Ç,T?) = &(Ç,[D m ,T\_, ?) , \/TeT(M,End R (S)) . 
Let now E G Q (M) be a fc-form defined through: 

where (e a ) is a local pseudo-orthonormal frame of {M, g) and 7 a = 7((e a )#)) = Tj a ^ b . 
Proposition 4 When _D m £ = D m Ç' = 0, we have: 

= ^£U;m = [4», 7a 1 ...« fc ]-,oO ■ (B.5) 

Proof. Applying Lemma2 to T = 7 ai ... 0fc gives: 

dmÈZ.a k = lD m n ai ...a k }-,oO = [V* , 7 a 1 ...aJ-,oO + [An, 7 a,..aJ -,oO 



^ ] ^ma 3 7ai---a s -i,c,a 3+ i— a k + [Arej 7ai— aj ) ; 



where we used the second identity stated in Proposition 2 of Appendix A. The conclusion 
follows upon moving the first term of the last expression to the left hand side and applying 
relation (A.4). 
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